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1. Introduction 

Let p G N be a prime. Let r G N. Let q := . Let /c := Fg be the field with q 
elements. Let k be an algebraic closure of k. Let W{k) be the ring of Witt vectors with 
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coefficients in k. Let B{k) := W{k)[^] be the field of fractions of W{k). Let a := be the 
Frobenius automorphism of k, W{k), and B{k). The Honda-Serrc-Tate theory classified 
the isogeny classes of abelian varieties over k (see [Ta2, Thm. 1]) and in particular showed 
that each abelian variety over A;, up to an extension to a finite field extension of k and 
up to an isogeny, lifts to an abelian scheme with complex multiplication over a discrete 
valuation ring of mixed characteristic (0,p) (see [Ta2, Thm. 2]). We recall that an abelian 
scheme of relative dimension d over an integral scheme is with complex multiplication if 
its ring of endomorphisms has a commutative Z-subalgebra of rank 2d. Zink generalized 
[Ta2, Thms. 1 and 2] to contexts which involve suitable abelian varieties endowed with 
endomorphisms (see [Zil, Thms. 4.4 and 4.7]). Special cases of loc. cit. were obtained or 
announced previously (see [lil] to [Ii3], [La], and [Mil]). To detail these contexts and to 
prepare the background for our paper, we will use the language of reductive group schemes 
and of crystalline cohomology. 

We recall that a group scheme F over an affine scheme Spec(-R) is called reductive 
if it is smooth and affine and its fibres are connected and have trivial unipotent radicals. 
We denote by F'^^'^ and F^'^ the derived group scheme and the adjoint group scheme 
(respectively) of F. If 5" is a closed subgroup scheme of F let Lie(5') be its Lie algebra 
over R. For a finite, flat monomorphism Rq R let Kes^i/ji^^S be the group scheme over 
-Ro obtained from S through the Weil restriction of scalars (see [BT, Subsection 1.5] and 
[BLR, Ch. 7, Subsection 7.6]). If R is moreover an etale i?o-algebra, then ReSi^/i^gF is a 
reductive group scheme over Rq. The pull back of an object or a morphism f or f (resp. 

with * an index) of the category of Spec (i?o) -schemes to Spec(i?) is denoted by (resp. 
t^jj). If O is a free i?-module of flnite rank, let GLo (resp. SLo) be the reductive group 
scheme over R of linear automorphisms (resp. of linear automorphisms of determinant 1) 
of O. If /i and /2 are two Z-endomorphisms of O let fif2 '■— fi ° f2- 

1.1. Isogeny classes. Let D be a p-divisible group over k. Let {M,(p) be the (con- 
travariant) Dieudonne module of D. Thus M is a free W {k)-modu.le of finite rank and 
: M — > M is a cr-linear endomorphism such that we have an inclusion pM C (j){M). We 
denote also by the cr-linear automorphism of End(M[i]) that maps e e End(M[^]) to 

0(e) := o e o (f)~^ e End(M[^]). Let S be a reductive, closed subgroup scheme of GLm- 
We recall from [Va3] and [Va4] that the triple 

e:= (M,(/),g) 

is called a Shimura F -crystal over k if there exists a direct sum decomposition M = F^(BF^ 
such that the following two axioms hold: 

(i) we have identities (j){M + ^F^) = M and (p(L\e{SB{k))) = Lie(SB(fc))7 cind 

(ii) the cocharacter n : Gm — ^ GLm that acts trivially on F^ and as the inverse of 
the identical character of Gm on F^, factors through S- 

Until the end we will assume that C is a Shimura F-crystal over k and that M = 
F^ © F^ is a direct sum decomposition for which the axioms (i) and (ii) hold. 

The quadruple {M,F^,(f),3) is called a Shimura filtered F-crystal over k. Either 
(M, S) or is called a lift of C (to W{k)). By an endomorphism of C (resp. of 
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(M, F^,(f), S)) we mean an element e e Lie(S) fixed by (f) (resp. fixed by (f) and such that 
we have an inclusion e(F^) C F^). We emphasize that the set of endomorphisms of C 
(resp. of (M, F^, S)) is in general only a Lie algebra over Zp (and not a Zp-algebra). 

Let ^(C) be the set of elements h e GLm(-B(/c)) for which the triple 
(1) {h{M),cf>,9{h)) 

is a Shimura F-crystal over k which can be extended to a Shimura filtered F-crystal 
(/i(M), h{F^[^])nh{M),<p, g(/i)) over k, where /i G S(S(/c)) and where S{h) is the Zariski 
closure of SB(fe) in GL^m)- Let 3(C) := ^(6) fl S{B{k)). It is easy to see that we have an 
identity 

a(e) = {he 3{B{k))\3u e 9{W{k)) such that u-^/i" V/^w^"^ e g(W(/i;))}. 

The reductive group scheme 5{h) is isomorphic to S (if /i ^ ^(C)? then this follows from 
[Ti2]). For i G {1,2} let hi G J(C) and Qi G S(/ii)(^(^))- By an inner isomorphism 
between {hi{M), gi(j),S{hi)) and (/?.2(M), (72^, S(/i2)) we mean an element g G 9(-B(/c)) 
such that we have g{hi{M)) = h2{M) and ggi4> — g2<^g- 

By the isogeny class of C we mean the set J(C) of inner isomorphism classes of 
Shimura F-crystals over k that are of the form {h{M), 0, S(^)) with h G IJ(C). Ideally, one 
would like to describe the set J(C) in a way which allows "the reading" of different Lie 
algebras of endomorphisms of (ramified) lifts of its representatives. Abstract ramified lifts 
of C (or of D with respect to S) are formalized in Subsection 3.3. In this introduction we 
will only mention the abelian varieties counterpart of the ramified lifts. 

1.1.1. Two geometric operations. Until Subsubsection 1.4.1 we will assume that D is 
the p-divisible group of an abelian variety A over k. 

By a Z[-] -isogeny between two abelian schemes Ai and A2 over a given scheme we 
mean a Q-isomorphism between Ai and A2 that induces an isomorphism Ai [N] ^ A2 [N] 
for all natural numbers that are relatively prime to p. For each h G ^(C) there exists a 
unique abelian variety A{h) over k which is Z[i]-isogenous to A and such that under this 

Z[i]-isogeny the Dieudonne module of A{h) is identified with (/i(M), (/>). If /i G 3f(C), then 
we say A{h) is ^-isogenous to A. In all that follows we study the pair [A, S) only up to 
the following two operations. 

Di The extension of A to a finite field extension of k. 

O2 The replacement of A by an abelian variety A{h) over k which is ^-isogenous to it. 

1.2. Main Problem. Up to operations Oi and D2, find conditions which guarantee that 
there exists a triple (y,Ax/,Sy), where V is a finite, discrete valuation ring extension of 
W{k) of residue field k, Ay is an abelian scheme overV that lifts A, and 2'v ^ reductive, 
closed subgroup scheme of GL^i^^^^/y^, such that the following four conditions hold: 

(a) the abelian scheme Ay is with complex multiplication; 

(b) under the canonical identification M/pM = H^j^{A/V)/mvH^Yi{A/V), the 
group scheme 9y lifts 9k (here my is the maximal ideal ofV); 
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(c) under the canonical identification H^j^{A/V)[^] = M <^^^(^jj-^V[^] (see [BO, Thm. 
1-3]), the generic fibre of the pull back to Spec{V[^]) of ^^{k)! 

(d) there exists a cocharacter Grn S'v that acts on Fy via the inverse of the 
identical character ofGm ciud that fixes H^j^^Ay /V) / Fy , where Fy is the direct summand 
of H^^[Ay /V) which is the Hodge filtration of Ay. 

If (c) holds, then the group schemes ^'y and 9v are isomorphic (cf. [Ti2]). If only 
(b) to (d) hold and V = W{k) (resp. and V ^ W{k)), then we refer to Ay as a lift of A 
(resp. as a ramified lift of A to V) with respect to S- 

Let c be the S(/c)-span inside End(M [^]) of those endomorphisms of (M, 0, S) which 
are crystalline realizations of endomorphisms of A. It is the Lie algebra of a unique 
connected subgroup £ of SB(fc)- The uniqueness of £ follows from [Bo, Ch. II, Subsection 
7.1] and the existence of £ is a standard application of the fact that the Q-algebra of Q- 
endomorphisms of A is semisimple. The triple (V, Ay, Sy) does not always exist (simple 
examples can be constructed with S a torus). The reason for this is: in general the ranks 
of £ and Ss(fc) are not equal. Thus in order to motivate the Main Problem and to list 
accurately conditions under which one expects that such a triple exists, next we will recall 
some terminology pertaining to Hodge cycles and Shimura varieties. 

1.2.1. A review. We use the terminology of [De3, Section 2] for Hodge cycles on 
an abelian scheme B over a reduced Q-scheme Z. Thus we write a Hodge cycle v on 
-B as a pair (fdR,'i^et), where and Vgt are the de Rham component and the etale 
component (respectively) of v. The etale component v^t as its turn has an /-component 
for each prime I e N. For instance, if Z is the spectrum of a subfield of Q C 
C, then v^^ is a suitable Gal(-E')-invariant tensor of the tensor algebra of ifj^(i?Q,Qp) © 
(if],(SQ,Qp))* © Qp(l), where (if],(SQ, Qp))* is the dual vector space of HI{Bq,Qp) 
(i.e., it is the tensorization with Qp of the Tate module of Bq) and where Qp(l) is the 
usual Tate twist. If £■ is a subfield of C, then the Betti realization vb of v corresponds to 
VdR (resp. to v'^^) via the standard isomorphism that relates the de Rham (resp. the Qi 
etale) cohomology of Be with the Betti cohomology of the complex manifold B(C) with 
Q-coefficients (see [De3, Sections 1 and 2]). 

A Shimura pair {G, X) consists of a reductive group G over Q and a G(M)-conjugacy 
class X of homomorphisms Resc/RG^ Gr that satisfy Deligne's axioms of [De2, Sub- 
subsection 2.1.1]: the Hodge Q-structure of Lie(G) defined by any a; e X is of type 
{(-1,1), (0,0), 

(1, —1)}, Ad(x(z)) defines a Cartan involution of Lie{G^), and no simple factor of G^'^ 
becomes compact over M. Here Ad : GJ-ii^^^^^QELd-^ is the adjoint representation. These 

axioms imply that X has a natural structure of a hermitian symmetric domain, cf. [De2, 
Cor. 1.1.17]. The most studied Shimura pairs are constructed as follows. Let W he a vec- 
tor space over Q of even dimension 2d. Let '0 be a non-degenerate alternative form on W. 
Let § be the set of all monomorphisms Resc/mGm, ^ GSp(VF ©q M, ifj) that define Hodge 
Q-structures on W of type {(—1, 0), (0, —1)} and that have either 27vi'ip or —2Tii'\p as polar- 
izations. The pair (GSp(W, ^), S) is a Shimura pair that defines a Siegel modular variety, 
cf. [Mi3, p. 161]. See [Del], [De2], [Mi4], and [Val, Subsection 2.5] for different types of 
Shimura pairs and for their attached Shimura varieties. We recall that (G, X) is called of 
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Hodge type, if it can be embedded into a Shimura pair of the form (GSp(W^, V'), §)• We 
recall that Shimura varieties of Hodge type are moduli spaces of polarized abelian schemes 
endowed with Hodge cycles, cf. [Del], [De2], [Mi4], and [Val, Subsection 4.1]. 

In this paragraph we will assume that the adjoint group G''^'^ is Q-simple. Let 6 be 
the Lie type of any simple factor of G^. If ^ e {An, Bn,Cn\n G N}, then (G, X) is said 
to be of 9 type. If ^ = Dn with n > 4, then (G, X) is of one of the following three disjoint 
types: D^, D^, and i:*^^'^^^ (cf. [De2] and [Mi4]). If (G, X) is of (resp. of D^) type, 
then all simple, non-compact factors of G^ are isomorphic to SO(2,2?i — 2)^^ (resp. to 
S0*(2n)^'^) and the converse of this statement holds for n>5 (see [He, p. 445] for the 
classical groups S0(2, 2n — 2)^ and S0*(2n)|'^). If moreover (G, X) is of Hodge type, then 
(G, X) is of one of the following five possible types: Am G„, D^, and (see [Sal], 
[Sa2], and [De2, Table 2.3.8]). 

1.2.2. Conjecture. We assume that one of the following two conditions holds: 

(i) the group £ has the same rank as 9B{k)j 

(ii) there exists an abelian scheme ^vK(fc) over W{k) which lifts A and for which 

there exists a family {wct)aes of Hodge cycles on its generic fibre AB{k) such that 9B{k) is 
the subgroup of GLj^yi-^ that fixes the crystalline realization t^ of for all a & 3- 

Then up to the operations Oi and O2, there exists a triple {V,Av, Sy) such that all 
conditions 1.2 (a) to (d) hold. 

If (i) (resp. (ii)) holds, then we refer to Conjecture 1.2.2 as Conjecture 1.2.2 (i) (resp. 
Conjecture 1.2.2 (ii)). Conjecture 1.2.2 stems from the Langlands-Rapoport conjecture 
(see [LR], [Mi2], [Mi3], [Pf], and [Re2]) on A;- valued points of special fibres of (see [Val] for 
precise definitions) integral canonical models of Shimura varieties of Hodge type in mixed 
characteristic (0,p). This motivic conjecture of combinatorial nature is a key ingredient 
in the understanding of zeta functions of Shimura varieties of Hodge type and of different 
trace functions that pertain to Q^-local systems on quotients of finite type of such integral 
canonical models (for instance, see [LR], [Ko2], and [Mi3]; here / is a prime different from 
p). Conjecture 1.2.2 (ii) is in fact only a slight refinement of an adequate translation 
of a part of the Langlands-Rapoport conjecture. The Langlands-Rapoport conjecture is 
known to be true for Siegel modular varieties (see [Mi2]) and for certain Shimura varieties 
of ^1 type (see [Ii2], [Ii3], and [Rel]). 

We added Conjecture 1.2.2 (i) due to two reasons. First, if one assumes the standard 
Hodge conjecture for complex abelian varieties (see [Le, Ch. 7]), then {ii) ^ {i). Second, 
often due to technical reasons one assumes that S*^^"^ is simply connected and this excludes 
the cases related to Shimura varieties of type (see [De2, Rni. 1.3.10 (ii)]). Thus to 
handle Conjecture 1.2.2 (ii) in cases related to Shimura varieties of type one has to 
first solve Conjecture 1.2.2 (ii) in cases related to Shimura varieties of type and then 
to appeal to relative PEL situations as defined in [Val, Subsubsection 4.3.16] in order to 
reduce Conjecture 1.2.2 (ii) to Conjecture 1.2.2 (i) for these cases related to the type. 
In what follows we will also refer to the following two Subproblems of the Main Problem. 

1.2.3. Subproblem. Same as Main Problem but with condition 1.2 (a) replaced by the 
weaker condition that the Frobenius endomorphism of A lifts to an endomorphism of Ay. 
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1.2.4. Subproblem. Same as Main Problem but with condition 1.2 (a) replaced by 

the weaker condition that the p-divisible group of Ay is with complex multiplication (i.e., 
the image of the p-adic Galois representation associated to the Tate module Tp{Ay^i]) of 
Ay^ij, is formed by semisimple elements that commute). 

1.3. The classical PEL context. This is the context in which there exists a princi- 
pal polarization of A and there exists a Z^^-j-subalgebra S of End(M) of crystalline 
realizations of Z(p-)-endomorphisms of A, such that the following two conditions hold: 

(i) the W^(fc)-algebra S®^^^^ W{k) is semisimple, self dual with respect to the perfect 
alternating form Xa ■ M i^wik) M W{k) defined by Xa (and denoted similarly), and is 
equal to the VF(A;)-algebra {e e End(M)|e fixed by S}; 

(ii) the group SB(fc) is the identity component of the subgroup Ci(Aa)b(A;) of 
GSp(M[i], Aa) that fixes each element of !B[^]. 

As A is with complex multiplication and the Q-algebra End(^) (8)^ Q is semisimple, 
in this context the group £ is reductive and has the same rank as SB(fc); thus the condition 
1.2.2 (i) holds. The existence up to operations Oi and O2 of a triple (V, Ay, S'y) such that 
all the conditions 1.2 (a) to (d) hold was proved (using a slightly difi'erent language) in [Zil, 
Thm. 4.4] for the cases when SB(fe) = C'i(Aa) B{k) (strictly speaking, loc. cit. assumes that 
!B[-] is a Q-simple algebra; but the case when '£>[-] is not Q-simple gets easily reduced 
to the case when it is so). Loc. cit. also shows that (even if p = 2) we can choose the 
triple {V, Ay, S^) such that 23 lifts to a family of Z(p)-endomorphisms of Ay and that Xa 
is the crystalline realization of a principal polarization of Ay. Some refinements of loc. 
cit., which are still weaker than the Langlands-Rapoport conjecture for the corresponding 
Shimura varieties of PEL type, were obtained in [ReZ] and [Ko2] . 

1.4. On results and tools. The goal of this paper is to solve Conjecture 1.2.2 (i) and 

Subproblems 1.2.3 and 1.2.4 in contexts general enough (see Corollary 8.3, Remark 8.4, and 
Section 9) so that the work in progress of Milne and us can be plugged in to result for p > 5 
in complete proofs of Conjecture 1.2.2 (ii) and of the Langlands-Rapoport conjecture for 
Shimura varieties of Hodge type. The passage from the mentioned solutions to a solution 
of Conjecture 1.2.2 (ii) for the case when p>5 and S'^'^^ simply connected, is completely 
controlled by [Val] to [Va4] and by the following two extra things (see Remarks 9.2.1 (b), 
9.4.2, and 9.8 (d) for a brief account): 

(i) the weak isogeny property which says that each rational stratification of [Va3, 
Subsection 5.3] has only one closed stratum; 

(ii) announced results of Milne on abelian varieties over finite fields (see [Mi5]). 

It is well known that the weak iosgeny property holds for Siegel modular varieties 
(for instance, see [Oo]): the Newton polygon stratification of the Mumford moduli scheme 
'Ad,i,N over k has only one closed stratum (the supersingular one); here d,NEN, N>3, 
and g.c.d.{N,p) = 1. The weak isogeny property requires methods different from the ones 
of this paper and thus we will prove it (at least for p>3) in a future work. 
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The main tools we use in this paper are the following seven: 

Tl. The rational classification of Shimura F-crystals over k achieved in [Va3]. 

T2. Approximations of tori of reductive groups over Q (see [Ha, Lem. 5.5.3]). 

T3. A new theory of admissible cocharacters of extensions of maximal tori of Sb(A;) 
contained in tori of GLjy^ji] whose Lie algebras are i?(fc)-generated by crystalline realiza- 
tions of Qp-endomorphisms of A. In its abstract form, the theory refines [RaZ, Subsections 
1.21 to 1.25] for Shimura F-crystals in two ways. First, it is over k and not only over 
k. Second, in many cases it works without assuming that all Newton polygon slopes of 
{Lie{QB{k))T (p) cind moreover it applies to all such maximal tori of Ssik)- We em- 
phasize that in connection to either this theory or loc. cit., [FR] does not bring anything 
new. 

T4. In some cases wc rely on [Zil, Thm. 4.4] (see Theorem 9.6 and Remark 9.8 (b)). 

T5. The classification for p>3 of isogeny classes of p-divisible groups over p-adic 
fields (see [Br, Subsection 5.3]). 

T6. The natural Zp structure Szp of S defined by C (see Subsection 2.4) and the 
structure of the pointed set H^{Qp, Sq^)- 

T7. The theory of [Val, Subsection 4.3] of well positioned families of tensors. 

See [Fo] for (weakly admissible or admissible) filtered modules over p-adic fields. 
Next we exemplify how the tools Tl to T7 work under some conditions. We emphasize 
that often we do have to perform either the operation Oi or the operation D2 but this will 
not be repeated in this paragraph. Based on [Va3, Thm. 3.1.2 (b) and (c)], in connection 
to Conjecture 1.2.2 (i) and to Subproblcms 1.2.3 and 1.2.4 it suffices to refer to the case 
when all Newton polygon slopes of (Lie(S B{k))i 4>) ^"^^ 0. Assuming that the condition 1.2.2 
(i) holds, we show based on [Ha, Lem. 5.5.3] that there exist maximal tori of SB(fc) as 
mentioned in the tool T3 but with Qp replaced by Q. The essence of T3 can be described 
as follows. Starting from any such maximal torus of S B{k) we show the existence of suitable 
cocharacters of its extension to a finite field extension V[^] of B{k) such that the resulting 
filtered modules over F[i] are weakly admissible. For this, in some cases related to Shimura 

varieties of C^, and types we rely as well on [Zil, Thm. 4.4] and accordingly some 
extra assumptions are imposed (roughly speaking we deal with Shimura varieties of Hodge 
type constructed in [De2, Prop. 2.3.10] but in the integral contexts of [Val, Sections 5 and 
6]). Using the tool T5 we get an isogeny class of p-divisible groups over V (here we require 
p> 3). Using the tool T6 we get natural choices of representatives of this isogeny class so 
that we end up in the etale context with a reductive group scheme over Zp that corresponds 
via Fontaine comparison theory to Sv'[i] (for this part, we usually assume that the pointed 

set i7^(Qp, 9q ) has only one class). Using the tool T7 we "transfer backwards" (as in 
[Val, Subsections 5.2 and 5.3]) the mentioned reductive group scheme over Zp in order to 
end up with a reductive group scheme Sy in the de Rham context over V (here we require 
p big enough; for applications to the Langlands-Rapoport conjecture and to Conjecture 
1.2.2 (ii) the condition p> 5 suffices, cf. [Val]). 
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1.4.1. On contents. Motivated by general applications, in Sections 2 to 7 we work 

abstractly. Thus we work with an arbitrary Shimura F-crystal C over k and, even if by 
chance (M, (p) is the Dieudonne module of the p-divisible group of some abelian variety 
A over A;, most often we do not impose any geometric condition on the group scheme S 
over W{k) (of the type of conditions 1.2.2 (i) and (ii) or 1.3 (i) and (ii)). In Section 2 we 
develop a minute language that pertains to Subsection 1.1 and to the tool T3 which will 
allow us to solve in many cases stronger versions of Conjecture 1.2.2 (i) and of Subproblems 
1.2.3 and 1.2.4. Different abstract CM-isogeny classifications are formalized in Section 3. 
In particular. Corollary 3.7.3 shows that if p>3, then the set of ramified lifts of D with 
respect to S (see Definition 3.7.2) are in natural bijection to the ramified lifts of C (see 
Definitions 3.3.1). This is a stronger version of the classification of p-divisible groups 
over V achieved for p > 3 previously by Faltings, Brcuil, and Zink (see [Fa], [Br], and 
[Zi2]). In Sections 2 and 3 we introduce as well the principally quasi-polarized context (see 
Subsubsection 3.3.3 for the corresponding variant of the set 3^(6)). 

In Section 4 we state in the abstract context two basic results that pertain to the 
tool T3 (see Basic Theorems 4.1 and 4.2) and three Corollaries (see Corollaries 4.3 to 4.5). 
The basic results implicitly solve Subproblem 1.2.4 under certain conditions. Corollaries 
4.3 to 4.5 are the very first situations of general nature where complete ramified CM- 
classifications as defined in Subsubsection 3.3.3 are accomplished; to "balance" the focus 
of [Zil] on Shimura varieties of PEL type (and thus of either An or totally non-compact 
Cn or type) , they involve cases that pertain to Shimura varieties of Bn and types. 
In Sections 5 to 7 we prove the results 4.1 to 4.5. In Sections 2 to 7 we also refer to 
the most puzzling aspect (question) of the Subproblems 1.2.3 and 1.2.4: When we can 
choose V to be of index of ramification 1 (i.e., to be a Witt ring)! The first applications 
to abelian varieties are included in Section 8 (see Corollary 8.3 and Remark 8.4 for our 
partial solutions to Conjecture 1.2.2 (i) and to Subproblems 1.2.3 and 1.2.4). 

In Section 9 we introduce the integral context of moduli spaces of polarized abelian 
varieties endowed with (specializations of) Hodge cycles. See Subsections 9.2 to 9.6 for 
different properties and how they lead to generalizations of the results of Zink recalled in 
Subsection 1.3. See Example 9.7 for the very first example of general nature that involve 
compact Shimura varieties of Cn type which are not of PEL type and for which a stronger 
isogeny property is implied by [PC, Ch. VII, Prop. 4.3] and therefore to which we can 
already extend [Zil, Thm. 4.4] (the extension of [Zil, Thm. 4.7] is implicitly achieved by 
[LR] and [Mi3, Subsections 4.1 to 4.6]). 

We would like to thank University of Arizona, Tucson and Max-Planck Institute, 
Bonn for good conditions with which to write this paper. We would also like to thank J. 
S. Milne for his encouragements to write this paper and for sharing with us the fact that 
the Milne conjecture used in Section 9 is a key tool in attacking the Main Problem and its 
Subproblems 1.2.3 and 1.2.4. 

2. Preliminaries 

See Subsection 2.1 for our notations and conventions. Subsection 2.2 recalls some 
descent properties for connected, affine, algebraic groups in characteristic 0. In Subsections 
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2.3 and 2.4 we mainly introduce a language. In Subsections 2.5 and 2.6 we recall some 
definitions and a basic result. In Subsection 2.7 we introduce W (k)-elgehTas that are 
required for the ramified contexts of Sections 3 to 7. 

2.1. Notations and conventions. Let R, F, and O be as before Subsection 1.1. We 
refer to [Va3, Subsection 2.2] for quasi-cocharacters of F. Let Z{F) be the center of F; 
we have F^'* = F/Z{F). Let Z'^{F) be the maximal torus of Z{F); the quotient group 
scheme Z{F)/Z^{F) is a finite, flat group scheme over R of multiplicative type. Let 
^ab ._ ^^^der. ^j^g maximal abelian quotient of F. Let F^'^ be the simply connected 
semisimple group scheme cover of F'^'^^. If is a reductive, closed subgroup scheme of F, 
let CpiS) (resp. Nf{S)) be the centralizer (resp. the normalizer) of S in F. Thus Cf{S) 
(resp. Np{S)) is a closed subgroup scheme of F, cf. [DG, Vol. II, Exp. XI, Cor. 6.11]. If 
i? is a flnite, discrete valuation ring extension of W{k), then F{R) is called a hyperspecial 
subgroup of F(i?[i]) (see [Ti2]). Let O* := RomR{0,R). A bilinear form on O is called 
perfect if it induces naturally an isomorphism 0^0*. We consider the free O- module 

T(0) := ®s,tmu{o}0^' ^rO*^\ 

We use the same notation for two perfect bilinear forms or tensors of two tensor algebras 
if they are obtained one from another via either a reduction modulo some ideal or a 
scalar extension. If F^{0) is a direct summand of O, then F°(0*) := (0/F^(0))* is 
a direct summand of O* . By the F°-flltration of 7{0) defined by F^{0) we mean the 
direct summand of 7{0) whose elements have filtration degrees at most 0, where 7{0) 
is equipped with the tensor product filtration defined by the decreasing, exhaustive, and 
separated filtrations (F'*(0))jg{o,i,2} and (F*(0*))j£{_i^o,i} of O and O* (respectively). 
Here F^{0) := O, F^{0) := 0, F-^{0*) := O*, and F\0*) := 0. We always identify 
End(O) with O O*. Thus End(End(0)) = End(0 ®r O*) =0®rO* ®r O* 0r O is 
always identified by changing the order with the direct summand O®^ ^r O*®"^ of T(0). 

Let X G -R be a non-divisor of 0. A family of tensors of T(0[-]) = 7(0) [-] is 
denoted {ua)ae3^ with S as the set of indexes. Let Oi be another free O-module of finite 
rank. Let (wia)aea be a family of tensors of T(Oi[^]) indexed also by the set J. By 
an isomorphism (O, [uo^aes) ~^ (^i? (^iQ:)aeg) we mean an i?-linear isomorphism O-^Oi 
that extends naturally to an i?- linear isomorphism 'J'(0[^]) ^ T((9i[^]) which takes Uq, to 
Uia for all a E d- 

If K is a field, let K be an algebraic closure of K. If is a p-adic field, see [Fo] for 
de the Rham ring B(i^{K) and for admissible Galois representations of the Galois group 
Gal{K) := Gal(^/i^). For the classification of Lie and Dynkin types we refer to [Boul] 
and [DG, Vol. Ill, Exp. XXII and XXIII]. Whenever we use a type, we assume that 
n>4. Let Z(p) be the localization of Z at its prime ideal (p). 

By a Frobenius lift of a fiat Z(p)-algebra R we mean an endomorphism ^r : R ^ R 
which modulo p is the usual Frobenius endomorphism of R/pR. If 0o : O — > O is a 
$i?-linear endomorphism such that 0[^] is i2[^]-generated by (f)o{0)^ then we denote also 

by (j)o the $fl-linear endomorphism of each i?-submodule of 7(0) [^] left invariant by 

0o- We recall that 0o acts on 0*[^] via the rule: if / G 0*[^] and e e 0[^], then 
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4'o{f){(f>o{G)) = e If becomes an isomorphism after inverting p and if 

/lo is a cocharacter of GLqji], then let 4>o{i^r) '= (f>ofJ'o4'o^ • 

Always C := (M, ^, S) (resp. (M, F-*^, (/>, S)) is a Shimura (resp. Shimura filtered) 
F-crystal over k = ¥q. We fix a cocharacter : G^, — > S of C as in Subsection 1.1 (thus 
it normalizes -F^); we call it a Hodge cocharacter of C and we say that it defines F^. Let 
y be the parabolic subgroup scheme of S which is the normalizer of in S- Let the sets 
J(e), q3(e), and J(e) be as in Subsection 1.1. Let 

C := CgLm(S)- 

If C is a reductive group scheme over W{k), then let Ci := CgLm(C')- 

See [Va3, Subsubsections 2.2.1 and 2.2.3] for the Newton quasi-cocharacter of C. 
Let Pg"(0), Pg~(0), and L^{(j))B{k) be the non-negative parabolic subgroup scheme, the 
non-positive parabolic subgroup scheme, and the Levi subgroup (respectively) of C we 
defined in [Va3, Lem. 2.3.1 and Def. 2.3.3]. Thus -Pg'(0) is the parabolic subgroup scheme 
of S which is maximal subject to the property that Lie(Pg'(0)B(fc)) is normalized by 
and all Newton polygon slopes of (Lie(Pcj"((/))B(fc)), 0) are non-negative, -Pg~((/>) is defined 
similarly but by replacing non-negative with non-positive, and Fg((/')B(fc) is the unique 
Levi subgroup of either P^i^cfij^i^k) o^' P^{4')B{k) with the property that Lie(Lg((^)B(;.-)) 
is normalized by (j) and all Newton polygon slopes of (Lie(Lg (0)s(/j-)), (/>) are 0. We have 
P^{4')B{k) ^ P^{(p')B{k) — L^{4>)B{k)- Let U^{(p) be the unipotent radical of P^{(f)). Let 
Lg((/)) be the Zariski closure of L^c,{(f))B{k) in S (or Pg~(0)); we emphasize that it is not 
always a Levi subgroup scheme of Pg~(0). We say C is basic if all Newton polygon slopes 
of (Lie(gB(fc)), 0) are (i.e., if Pg+(</.) = Pg-(0) = S). 

Always ki is a finite field extension of k. For / G {/ci, k}, let W{1)^ and ai be 

the analogues of W{k), B{k), and Ufc but for I instead of I. Let 

e ® Z := (M ^w(k) W{1), (t>®au ?)w{l)) 

be the extension of C to /. We also refer as Oi to the operation of replacing k by ki and C 
by C ® /ci, and as O2 to the operation of replacing C by {h{M), (j), S(/i)), where h G J(C) 
and S(/j.) are as in Subsection 1.1. For g G 9(W^(fc)) let 

:= (M,#,g). 

We have C = ^Im- Let 9^ := {Cglsf G G(VF(/c))} be the family of Shimura F-crystals over 
associated naturally to C. Let ^(9^) := yjg^Q(w(j^>)yi{Qg). The (inner) isomorphism class 
of some object will be denoted as [-^]. 

Though in this paper we deal only with Shimura F-crystals, Sections 2 to 4 are 
organized in such a way that the interested reader can extend their notions to the context 
of p-divisible objects with a reductive group over k used in [Va3] (often even over an 
arbitrary perfect field of characteristic p) . 

2.2. Lemma. Let rj C. rji be an extension of fields of characteristic 0. Let <3 be a 
connected, affine, algebraic group overr}. Let L be a Lie subalgebra of Lie{(3). We assume 
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that there exists a connected (resp. reductive) subgroup of (&r)i whose Lie algebra is 
£j <^r] Vi- ^6 have: 

(a) there exists a unique connected (resp. reductive) subgroup & of (3 whose Lie 
algebra is L (the notations match i.e., its extension to rji is &ni); 

(b) if & is a reductive group and if is the general linear group GLw of a finite 
dimensional rj-vector space W , then the restriction of the trace form on End{W) to L is 
non- degenerate. 

Proof: We prove (a). The uniqueness part is implied by [Bo, Ch. I, Subsection 7.1]. Loc 
cit. also implies that if 6 exists, then its extension to 771 is indeed 6^^. It suffices to 
prove (a) for the case when 6 is connected. We consider commutative r^-algebras k for 
which there exists a closed subgroup scheme 6^ of whose Lie algebra is L (8)^ k. Our 
hypotheses imply that as k we can take rji . Thus as k we can also take a finitely generated 
?7-subalgcbra of r]i. By considering the reduction modulo a maximal ideal of this last 
?7-algebra, we can assume that «; is a finite field extension of 77. Even more, (as ry has 
characteristic 0) we can assume that k is a finite Galois extension of r]. By replacing <Q^ 
with its identity component, we can assume that is connected. Due to the mentioned 
uniqueness part, the Galois group Gal(«;/?7) acts naturally on the connected subgroup 
of C5k. As is an affine scheme, the resulting Galois descent on with respect to 
GaKyK/rf) is effective (cf. [BLR, Ch. 6, 6.1, Thm. 5]). This implies the existence of a 
subgroup © of whose extension to k is ©«;. As Lie(©) 0^ k = \Ae{&^) = £ (g)^ k, we 
have Lie(©) = L. The group © is connected as &^ is so. Thus © exists i.e., (a) holds. 

To check (b) we can assume that 77 is algebraically closed. Using isogenies, it suffices 
to prove (b) in the case when © is either Gm or a semisimple group whose adjoint is simple. 
If © is Qrm then the ©-module W iso. direct sum of one dimensional ©-modules. We easily 
get that there exists an element x & L \ {0} which is a semisimple element of End(VF) 
whose eigenvalues are integers. The trace of is a non-trivial sum of squares of natural 
numbers and thus it is non-zero. Thus (b) holds if © is Qm- If © is a semisimple group 
whose adjoint is simple, then £ is a simple Lie algebra over 77. From Cartan solvability 
criterion we get that the restriction of the trace form on End(VF) to L is non-zero and 
therefore (as £; is a simple Lie algebra) it is non-degenerate. Thus (b) holds. □ 

2.2.1. Example. We take 77 = Qp and 7/1 = B{-k), where * is a perfect field of charac- 
teristic p. Let (W, (f) be an F-crystal over Let be the group over Qp which is the 
group scheme of invertible elements of the Qp-algebra {e G End('W)|(/?(e) = e}. Let o be 
a connected subgroup of 0,,-^ whose Lie algebra is ?7i-generated by elements fixed by 
From Lemma 2.2 (a) we get that o is the extension to 771 of the unique connected subgroup 
of <£> whose Lie algebra is {e e Lie(o)|<^(e) = e}. We refer to Oq^ as the Qp-form ofo 
with respect to (W, (p). 

2.3. Basic definitions, (a) We say C has a lift of quasi CM type if there exists a maximal 
torus T of S such that we have (j)(Lie{7)) = Lie(T). 

(b) We say C is semisimple (resp. unramified semisimple) if the 5(A;)-linear auto- 
morphism (j)'^ of M[^] is a semisimple element of S{B{k)) (resp. is a semisimple element 

of S{B{k)) such that an integral power of it has all its eigenvalues belonging to B(k)). 
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(c) By a torus of SB(fc) of Qp-endomorphisms of C we mean a torus 7iB{k) of 9B(k) 
whose Lie algebra is i?(/c)-generated by elements fixed by (p. Let Tiq^ be the Qp-form 
of 7iB{k) with respect to (M[i],(/)), cf. Example 2.2.1. Let K be the smallest Galois 
extension of Qp over which 7iq^ splits. Let Ki be the smallest unramified extension of K 
which is unramified over a totally ramified extension Kir of Qp. Let K2 be the composite 
field of Ki and B{k). Let K2u be the maximal unramified extension of Qp included in K2. 

(d) By an E-pair of C we mean a pair {7iB{k)j where 7iB{k) is a maximal torus 
of 9B{k) of Qp-endomorphisms of C and ni : Gm 'J'lKi is a cocharacter such that 
when viewed as a cocharacter of 9^2 7 is 9(-^2)-conjugate to hk2- If A*i is definable over an 
unramified extension of Qp, then we refer to ('J'iB(fc), //i) as an unramified E-pair. By an 
E-triple of 6 we mean a triple (TiB(fe), /^i, t), where (T'iB(fc); is an -E-pair and where 
T = (ri, ... ,Ti) is an Z-tuple of elements of Gal(K'2/Qp) whose restrictions to are all 
equal to the Probenius automorphism of whose fixed field is Qp. Here I e N and 

stands for endomorpliisms. For s G N and j G {1, . . . , / } let TsI+j := Tj. 

(e) We say an iJ-pair {7iB{k)j l^'i) of C satisfies the (t condition if there exists an 
£'-triple {7iB{k)j A^i? ''") of C such that the following condition holds: 

(el) the product of the cocharacters of Ti^a of the form TdiTdi-i ■ ■ -Tj^^iiK^) with 
j G {1,... factors through Z^{Sk2)'i h^re (i G N is the smallest number such that 

IJ,iK2 is fixed by each element of Gal(K2/Qp) that can be obtained from the product 
TdiTdi-i • • • Ti via a circular rearrangement of it. 

If moreover / = 1 we say {7iB{k)j l^i) satisfies the cyclic €. condition. 

(f) We assume that C is basic. We say (resp. it) holds for C if there exists an 
E'-pair (resp. unramified E'-pair) of C that satisfies the C condition. We say T£R (resp. 
Tii) holds for Q if each maximal torus 7iB{k) of SB(fc) of Qp-endomorphisms of C (resp. 
maximal torus 7iB{k) of 9B(fe) of Qp-endomorphisms of G which splits over B{k)) is part 
of an i?-pair (resp. of an unramified -E-pair) of C that satisfies the €. condition. We say 
Q^H (resp. Qll) holds for C if there exists a ki and an E-pair (resp. unramified E-pair) of 
e (g) fci that satisfies the C condition. We say TT'>K (resp. TTil) holds for 6 if for each ki, 

(resp. Til) holds for Q®ki. 

(g) We do not assume that 6 is basic. We say £H (resp. il, T% Til, Q^, Qil, TT% 
TTii) holds for C if there exists an element h G 3{G) such that the triple {h{M), (p, Lgj-^-j ((/>)) 
is a basic Shimura E-crystal over k and (resp. il, T^, Til, Q^K, Qil, TTJH, TTil) holds 
for it. 

(h) We say that an E-pair (Tib(a:): A*i) of C is admissible if the filtered module 

(M[l],0,Eij 

over K2 is admissible. Here F^^ is the maximal direct summand of M ®w{k) -^2 on which 
A*iK2 acts via the inverse of the identical character of Gm- 

(i) We say 21 holds for 6 if there exists an -E-pair (TiB(fc), /^i) of C which is admissible. 
We say T21 holds for G if each maximal torus 7iB{k) of 9_B(fc) of Qp-endomorphisms of C 
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can be extended to an E-pair {7iB{k)j fJ'i) of C which is admissible. As in (f), we speak 
also about QSt or TT21 holding for C. 

(j) We say C is U -ordinary if it has a lift such that L%^{(t))B{k) normalizes F'^[^] 
(i.e., we have L^c,{(l))B{k) ^ '^B(k))- We say C is lU-ordinary if there exist elements g e 
S(VF(/c)) and h G S(i?(A;)) such that 6^ is [/-ordinary and we have hcj) = gcph. 

(k) A principal bilinear quasi-polarization of G is a perfect bilinear form Am : 
M ®M/(fc) M W{k) whose VF(A;)-span is normalized by S and for which we have 
Xm{4>{x) (8) 4>{y)) = pc^i^Mix <S) y)) for all elements x,y & M. 

2.3.1. Example. Let {7iB{k)j l^i) be an E'-pair of C such that the product of the cochar- 
acters of 7iKi which belong to the Gal(i^i/Qp)-orbit of ^iki, factors through Z^{Ski)- 
We choose an element tq G Gal(K2/Qp) whose restriction to K2u is d2u and whose order 

is the same as of ^2u- Let {ei, . . . , eg} be the elements of Gal{K2/K2u) listed in such 
a way that = Ik- Let cq := e^. We have Gal(i^2/Qp) = {eaTgll <a<s, l<b<o}. Let 

1 := OS. Wc define r = (ri, . . . ,r/) as follows. For z G {1, ...,/} we define Tj := tq if o 
does not divide i and we define Ti := e~\ejro if z = o{s + 1 — j), where j G {1, . . . , s}. 
As TiTi-i ■ ■ - Ti = Ik, let d := 1. As we have Gal(-ftr2/Qp) = {titi-i ■ ■ ■Tjll <j <l}, the 
condition 2.3 (el) holds (cf. our hypothesis on the E'-pair (Tib(A;), /ii) of C). Thus the 
E-pair {7iB{k)i fJ'i) of C satisfies the € condition. 

2.3.2. Example. Let m G N. We assume that the rank of M is 2m, that S is a 
product Si X • • • X Sm of m copies of GL2, that permutes transitively the Lie(Si)[^]'s 
with i G {1, . . . that for each i G {1, . . . ,m} the image of fx in Si does not factor 
through Z{Si), and that the representation of S on M is the direct sum of the standard 
rank 2 representations of the m copies. The rank of is m and 7 — ■ ■ ■ IP^ is a Borel 
subgroup scheme of S- We also assume that there exists a maximal torus T = Ti x • • • x 

of 7 such that we have 0(Lie(T)) = Lie(T) and 0(Lie(CP)) C Lie(5'). This last assumption 
implies that the Dieudonne module (M, 0) is ordinary. 

Let g G S{W{k)) be such that Gg is not basic. Thus Pgigcj)) = UlLi P^{94>) n Si is a 
Borel subgroup scheme of S and therefore L'c>{(f))B{k) is a split maximal torus of SB(fe)- We 
check that is /[/-ordinary. Based on [Va3, Thm. 3.1.2 (b) and (c)], up to a replacement 
of gcj) by hg(f)h~^ with h G S{B{k)), we can assume that L^{4>) is a maximal torus of S 
through which n factors. Thus Lg (0) commutes with fj, and therefore it is a maximal torus 
of y. Thus Gg is [/-ordinary. 

We now take m = 3. Let w := {wi,W2,1m) e 9iiW{k)) x 92{W{k)) x 93{W{k)) 
be an element that normalizes T and such that for i G {1,2} the element Wi takes 7^ to 
its opposite 7°^^ with respect to Tj. The Newton polygon slopes of (M, wcj)) are | and | 
with multiplicities 3. We have L^{w(f)) = 7^7. Thus is [/-ordinary. Let Hi be the 
unipotent radical of ^j*^^; it is a subgroup scheme of U^{w(p). Let gi G Ui{W{k)) such 
that modulop it is not the identity element. As gi G U^{w<p){W{k)), we have P^{giw<p) = 
P^{w(j)). Thus CgiTO is not basic and therefore (cf. previous paragraph) it is /[/-ordinary. 
We show that the assumption that C^^^ is [/-ordinary leads to a contradiction. It is easy to 
see that this assumption implies that Lg [giwcj)) is a maximal torus of P^{giW(j)) = P^{w(j)) 
which normalizes F^/pF^ (see proof of Proposition 3.2 below). Let b G P^{w(l)){W{k)) be 
an element that normalizes F^/pF^ and such that b{Lq{giW(l)))b~^ = 7, cf. [Bo, Ch. V, 
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Thm. 19.2] and [DG, Vol. II, Exp. IX, Thm. 3.6 and 7.1]. Thus bgiW(j)b-^ = g2W(f), where 
g2 e P^{w(f)){W{k)) normalizes T. Therefore g2 G 7{W{k)). But it is easy to see that 
the natural images of gi and g2 = bgiW(f){b~^)w~^ in 7i{k)\2i{k) /'Ji{k) are equal. As gi 
modulo p is a non-identity element of Ui{k)), this contradicts the fact that g2 € 7{W{k)). 
We conclude that Qg^^w is /tZ-ordinary without being [/-ordinary. 

2.4. Some Zp structures. Let cr,^ := o //(p); it is a cr-linear automorphism of M. Let 

:= {m eM®w{k) W {k)\{a4, ® (Ji){m) = m}. 

We have M ®w{k) W{k) — ®Zp W{k). Let □ be a closed subgroup scheme of GLm 
which is an integral scheme. We assume that both /i and (p normalize Lie{\I\B{k))- This 
implies that cr<^ normalizes Lie(n). Thus □^(fe) is the extension to B(k) of a connected 
subgroup of GL^ rii, cf. Example 2.2.1. If is the Zariski closure of Hq in GLmz , 

then its extension to W(k) is D^^^). If □ is a subgroup of S, then is a subgroup of 
Szp- 

As and (p normalize Lie{S B{k))j ^4> normalizes Lie(S). Thus from the previous 
paragraph we get the existence of a unique closed subgroup scheme 9zp of GLmzj, whose 
extension to W(k) is 9w{kY it is a reductive group scheme over Zp. 

2.4.1. Two axioms. We introduce two axioms for C: 

(i) there exists a family {ta)cie3 ^f tensors of T(M) fixed by (j) and S and such that 
S is the Zariski closure in GLm of the subgroup of GLj^^jij that fixes ta for all a & 3] 

(ii) there exists a set of cocharacters of 9w{k) that act on M ®w(k) W{k) via the 
trivial and the inverse of the identical character of and whose images in S^(^^^ generate 
qad 

^W{k)' 

Until the end of the paper we will assume that these two axioms hold for C. Ax- 
iom (i) implies that (p^ G S{B{k)) and that we have 1^ G 7{Mzp) for all a E 3- Thus 
the pair (M^^, (ta)aea) is a structure of (M <^w(k) {ta)aed)- The difference 

between any two such Zp structures of (M iSiw{k) W{k), (ta)aea) is rneasured by a class 
7 e iy^(Gal(Z™/Zp), Szp), where Z^" is the maximal unramified, profinite discrete val- 
uation ring extension of Zp. From Lang theorem (see [Se2, p. 132] and [Bo, Ch. V, 
Subsections 16.3 to 16.6]) we get that this class is trivial. Thus the iosmorphism class 
of the triple (M^^, Szp, (^a)aea) does not depend on the choice of the Hodge cocharacter 
fj, : Gm — > S of C. Also by replacing with gcp, where g G S{W{k)), the isomorphism class 
of (Mxp, Szp, {ta)ae3) remains the same. From Lang theorem we also get that each torsor 
of S is trivial. This implies that there exists an isomorphism 

(2) iM:Mzp®z,W(k)^M 

that takes to ta for all a E 3- Thus S = 9w{k) (i-6., our notations match) and we refer 
to the triple (Mzp, Szp, (i^a)aea) as the Zp structure of (M, 4>, S, {ta)aed)- 

Axiom (ii) is inserted for practical reasons i.e., to exclude situations that are not 
related to Shimura varieties of Hodge type and to get the following properties. 
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2.4.2. Theorem. We recall that C = CgLm(S)- 

(a) The Lie algebra Lie{C) is W {k)- generated by elements fixed by cj). 

(b) The closed subgroup scheme C of GLm is reductive. 

(c) We assume that we have a principal bilinear quasi-polarization Am of C. Let 
Ci{Xm)^ be the Zariski closure in GLm of the identity component CiB(fc)(-^M)^ of the 
maximal subgroup CiB{k){XM) of CiB{k) that normalizes the B{k)-span of Xm- Then the 
Zariski closure Z^{Ci{Xm)^) in GLm of Z^{CiB{k){XM)^) is a torus over W{k). 

Proof: As (/)^ e 5iB{k)) fixes Lie(C) and as (/)(Lie(C)) = Lie(C), (a) holds. To prove 
(b) we work only with the S-module M; thus the below reduction steps do not pay any 
attention to (p. To prove (b) we can assume that 9 is split and that Z^{S) = Z(GLm)- Let 
^[p] ■~ ®r=i-^i[p] be a direct sum decomposition into irreducible SB(fe) -modules, cf. Weyl 
complete reducibility theorem. Let Mj := M n Mi[i]. Thus ©^^^Mj is a S-submodule 
of M. Due to the axiom 2.4.1 (ii), each simple factor of Lie(S|jYfc)) is of classical Lie 
type and the representation of Lie(S^Yfe)) ^ach is a tensor product of irreducible 

representations which are either trivial or are associated to minuscule weights (see [Sel, 
Prop. 7 and Cor. 1 of p. 182]). Thus the Sfc-module Mi/pMi is absolutely irreducible and 
its isomorphism class depends only on the isomorphism class of the SB(fe)-module Mj[-], 
cf. the below well known Fact 2.4.3 and [Ja, Part I, 10.9]. 

By induction on n G N we show that we can choose the decomposition M[i] := 
©r=i-^i[p] such that we have M = (Bf^iMi. The case n = 1 is trivial. The passage from 
n to n + 1 goes as follows. We have a short exact sequence — > Mi — > M — > M/Mi — > 
of S-modules. Using induction, it suffices to consider the case n = 1; thus the W{k)- 
monomorphism M2 ^ M/Mi becomes an isomorphism after inverting p. If the 9s(A;)- 
modules Mi[i] and M2[-] are not isomorphic, then the Sfc-^iodules Mi/pMi and M2/PM2 
are not isomorphic and therefore the natural /c-linear map Mi / pMi(B M2 / pM2 M/pM is 
injective; this implies that we have M = Mi ©M2. We assume now that the 9 _B(fc) -modules 
Mi[i] and M2[i] are isomorphic. Thus Mi and M2 are isomorphic 9-niodules. If they 
are trivial 9-niodules, then we can replace M2 by any direct supplement of Mi in M and 
thus we have M = Mi © M2 . We now consider the case when Mi and M2 are non-trivial 
9-modules. Let M be a VF( A;) -lattice of M[^] which contains M, which is a 9-niodule 

isomorphic to Mi © M2, and for which the length of the torsion W (k) -module M/M is 
the smallest possible value / G N U {0}. Let M = Mi © M2 be a direct sum decomposition 
into irreducible 9-niodules. We show that the assumption / ^ leads to a contradiction. 
We can assume that the natural 9A;-homomorphism Mi/pMi — > Mi/pMi is non-trivial 
and therefore injective. Thus Mi is a direct summand of M and therefore we can assume 
that Ml = Ml. As M^^ M,^we have Im(M2/pM2 M/pM) C Im(Mi/pMi M/pM). 
Thus we can replace M by Mi ©pM2 and this contradicts the minimality of /. Thus / = 0. 
Thus M = Ml © M2 and therefore as Mj we can take Mj. This ends the induction. 

Thus to prove (b) we can assume that M = ®"=iMj. As the isomorphism class of 
Mj is uniquely determined by the isomorphism class of the 9B(fc)-module Mj[^], we can 

write M = ®j^jM^^ , where each Mj is isomorphic to some Mj, where rij G N, and where 
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for two distinct elements ji,j2 £ J the S-modules Mj^ and Mj^ are not isomorphic. Also 
for two distinct elements Ji,j2 ^ the S^-modules Mj^/pMj^ and Mj^/pMj^ are not 
isomorphic. We easily get that the group scheme C is isomorphic to a product J^^-^jGL^^. 
and therefore it is a reductive, closed subgroup scheme of GLm- Thus (b) holds. 

We prove (c). From (b) we get that Ci = CgLm(^) ^ reductive, closed subgroup 
scheme of GLm- Thus Z^{Ci{Xm)) is the Zariski closure in Z^{C\) of a subtorus of 
Z'^{C\)B{k) and therefore it is a torus. □ 

2.4.3. Fact. Let "K be a split, simply connected group scheme over Z whose adjoint is 
absolutely simple and of classical Lie type 6. Let 7 be a maximal split torus of %. Let 

: 'K — > GLz be the representation associated to a minuscule weight vj of the root system 
of the inner conjugation action of 7 on Lie{'K) (thus Z is a free Z-module of finite rank, 
cf. [Hu, Subsection 27.1 J). Then the special fibres of are absolutely irreducible. 

Proof: We use the notations of [Boul, planches I to IV]. The minuscule weights are: zui 

with Z e {1, . . . , n} if ^ = An, ZOn \i d = Bn, vox ii d = Cn, VOn-li and ZOn if ^ = Dn 

(see [Bou2, pp. 127-129] and [Sel, pp. 185-186]). Let W be the Weyl group of "K with 
respect to 7. Let 221^ be the subgroup of 22J that fixes w. We have divaiiZ) = [2IJ : 213^], 
cf. [Bou2, Ch. VIII, §7.3, Prop. 6]. Thus for each prime p, the absolutely irreducible 
representation of IKf^ associated to weight zu has dimension at least dimz(2.). As it is 
isomorphic to the representation of "K^^ on a factor of the composition series of the fibre 
of Ptjj over Fp, by reasons of dimensions we get that this fibre is absolutely irreducible. □ 

2.4.4. Extra groups. Let Mq^ := Mz^l^]- Let CGq^ be the identity component of 
^Gq^ := A^GLmq^ (Sq^)- The reductive group CGq^ is generated by Sq^ and by Cq^ := 
CgLmq^(SqJ- Let 

n : End(MQj ^ End(MQj 

be the projector on Lie(SQp) along the perpendicular of Lie(SQp) with respect to the trace 
form X on End(MQp), cf. Lemma 2.2 (b). The group NGq^ is the subgroup of GLmq^ 
that fixes H. Based on (2) the group CGB{k) is naturally a subgroup of Ghj^^iy. it is the 
identity component of iVcL^,!, (S-B(fc))- 

L p 1 

2.4.5. Plus (plus) admissibility. We say that an i?-pair {7iB(k), l^i) of C is plus 
admissible if it is admissible and if the class 



(3) £eH\Qp,%^) 

has a trivial image in H^{Qp, CGq^). Here the class £, is defined as follows. Let p : 
Gal{K2) GL>y be the admissible Galois representation that corresponds to (M, 0, F^^). 
Thus W is a free Qp-vector space and we have a Gal(K2)-isomorphism 



(4) W BdK{K2) ^ M ®w{k) K2 ®K2 SdR(K2) 

which respects the tensor product filtrations (the filtration of W is trivial and the filtration 
of M®w{k) K2 is defined by F}^^). For a E 3, let Va £ TCW) be the tensor that corresponds 
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to ta via (4) and Fontaine comparison theory. We take £ to be the class of the right torsor 
of that parameterizes isomorphisms between [Mq^, {ta)cee3) ("^5 ('f^a)aea) (such 
a torsor exists, cf. (2) and (4)). If the class £ is trivial, then we say that the £'-pair 
('JiB(fc): of C is plus plus admissible. 

We say +21 (resp. + + 21) holds for C if there exists an £^-pair of C which is plus 
(resp. plus plus) admissible. As in Definition 2.3 (i) we speak about Q + % (5 + +21, T + 21, 
T + +21, TT + 21, or TT + +21 holding for C. 

2.4.6. Lemma. Let ZGq^ be the subgroup of CGq^ generated by Sq^ and the torus 
Z{CGq^). IfS"^"' is simply connected and if the torus Z{CGq^)/Z{S^^^) = ZGqJSq^ is 
isomorphic to Z{CGq^), then the pointed set H^{Qp, ZGq^) has only one class. 

Proof: The group Z{CGq^) is the group scheme of invertible elements of an etale Qp- 
subalgebra of End(MQp). Thus it is a torus over Qp and moreover the (abstract) group 
ifi(Qp,Z(CG'Qj) is trivial. Therefore the group H^{Qj>, ZGf^JQ'^^) is also trivial. The 

pointed set iif^(Qp, Sq^"^) has also only one class, cf. [Kn, Thm. 1]. As we have an 

exact complex H^{Qp, Sf;) ^ if^(Qp, ZGqJ ^ H^{%, ^^Q^/Sf;) of pointed sets, the 
Lemma follows. □ 

2.4.7. The polarized context. We assume that there exists a principal bilinear quasi- 
polarization Am '■ M ^w{k) M — W{k) of C; it give birth naturally to a symmetric 
bilinear form Am on M^^ and therefore we can speak about the Qp-span of Am (inside 
(Mqp (8)Qp Mqp)*). Let Sq be the identity component of the subgroup of Sq^ that fixes 
Am- Let DGq^ (resp. DGq ) be the identity component of the subgroup of CGq^ that 
normalizes the Qp of A (resp. that fixes Am)- We have Sq^ ^ DGq^^ (resp. Sq^ ^ -^^Qp)- 
Either ~ Sq^ or we have a short exact sequence — >• Sq^ — — 0. Thus 
the class £ is the image of a class £° G H^{Qp, Sq^)- We say that an i?-pair {7iB{k)j A*i) of 
C is plus (resp. plus plus) admissible with respect to Am if and only if it is admissible and 
moreover the image of £° in H^{Qp, DGq^) (resp. and moreover £'^) is the trivial class. 
As in Definition 2.3 (i) and Subsubsection 2.4.5 we speak about (5 + 21, Q + +21, T + 21, 
T + +21, TT + 21, or TT + +21 holding for (C, Am)- If Q + 21 (or Q + +21, etc.) holds for 
(C, Am), then it also holds for Q. 

2.4.8. A reduction. We assume that there exists a non-trivial product decomposition 
= Vi Xz^ V2. Let 00 = *mV^m : (8)^^ W{k) M^^ W{k) and /iq = iM^^in : 

Sw(fc) ^ GLMzp®ZpM/(fc)- We have (po = g{lM^^ ®c^)/io(^), where g E 9z^{W{k)). 
Let Sz be a reductive, closed subgroup scheme of of the same rank and the same 
Zp-rank as and whose adjoint group scheme is Vi. By replacing ^m with its composite 
with an automorphism of Mz^ ®Zp W{k) defined by an element of Szp{W{k)), we can 
assume that the cocharacter /iq factors through S^(^), cf. [Bo, Ch. V, Thm. 19.2] and 

[DG, Vol. II, Exp. IX, Thm. 3.6 and 7.1]. Let go e 9tj{W{k)) be an element whose 
image in Vi{W{k)) is trivial and such that we have gog e Szp(^(^))- Prom the last two 
sentences we get that the triple (Mz^ <8)Zp W{k), go(f)o,Sw(^k-)) is a Shimura F-crystal over 
k. Both axioms 2.4.1 (i) and (ii) hold for (Mz^ (8)Zp W{k), go(l)o, S]y(/j))- Argument: axiom 
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2.4.1 (i) holds as is the closed subgroup scheme of Szp that fixes Lie{Z^{Szp)) 
axiom 2.4.1 (ii) holds as a maximal torus of 9]^^]^^ is a maximal torus of 9w{k)- Thus from 

many "adjoint" points of view, one can assume that is simple. We will use this fact 
in Section 6. 

2.5. Definitions. Let do be a subset of 3- 

(a) Let a e N. If we have G ®s,te{o,... ,a}M®' ®r M*®* for all a e go, then we say 
that the family {ta)aedo of tensors of 'J(M) (or T(M^p)) is of partial degrees at most a. 

(b) The family (ta)ae3o tensors of T(M^^) is called Zp-very well positioned for 
if the following condition holds: 

(*) For each faithfully fiat, integral Zp-algebra R and for every free R-module O that 
satisfies 0[^] = M^^ and such that we have t^ G 7{0) for all a & 2q, the Zariski 

closure Sr o/ Sfl[ i ] in GLq is a reductive, closed subgroup scheme of GLq- 

Definition (b) is only a particular case of [Val, Def. 4.3.4 and Rm. 4.3.7 1)]. 

2.6. Reduction to the basic context. Let g G 9iW{k)) and h G S(-S(/c)) be such 
that L^{g(j)) is a reductive, closed subgroup scheme of S through which n : G^n S 
factors and we have an equality hgcp = (ph, cf. [Va3, Subsubscction 3.1.1 and Thm. 3.1.2]. 
Thus by performing the operation O2 (i-e., by replacing C with {h{M),(f),S{h))), in this 
Subsubscction we will also assume that {(p) is a Levi subgroup scheme of P^{(j)) and that 
jji factors through it. Therefore (M, F-^, 0, Lg (0)) is a Shimura filtered F-crystal over k and 
(M, 0, L^(0)) is basic. Thus in connection to Conjecture 1.2.2 and to Subproblems 1.2.3 
and 1.2.4, we can always replace S by a Levi subgroup scheme of P^{(j)). However, often we 
will not perform this replacement in Sections 5 to 7, as by keeping track of S we get extra 
information on Lg (0) as follows. Let Lg (0)zj, be the reductive, closed subgroup scheme of 
Szp which is the Zp structure of i^g(0) obtained as in Subsection 2.4 (for □ = l5(0)). 

2.6.1. Fact. We have L^q{4>) — C's(^°(-^g(^)))- Moreover, L^{(j))zp is the centralizer of a 
Gm subgroup scheme of Szp in Szp o^nd (M, 0) is a direct sum of F-crystals over k which 
have only one Newton polygon slope. 

Proof: Both L^{(j)) and Cg(Z°(Lg(0))) are reductive, closed subgroup schemes of 9 (cf. 
[DG, Vol. Ill, Exp. XIX, Subsection 2.8] for Cg(ZO(L° (0)))). Thus they coincide if and 
only if their generic fibres coincide. But this follows from the fact that L^{4')B{k) is the 
centralizer of the cocliaracter UB(k) of S_B(fc) which factors through Z^{L^{(j))B{k)) and 
which is the Newton cocharacter of C (see [Va3, Subsection 2.3]). The cocharacter ^^{k) is 
fixed by and fj, and thus it is the extension to B{k) of a cocharacter v of Z°(Lg (0)qp). 
As Z°(Lg(0)) is a torus, u extends to a cocharacter of Z'*^(Lg((/))^p). Its centralizer in 
is a reductive, closed subgroup scheme of 9zp (cf. [DG, Vol. Ill, Exp. XIX, Subsection 
2.8]) whose generic fibre is L^{(P)q^ and therefore it is L^{(p)zp itself. As u extends to a 
cocharacter of Z''^(Lg(0)zp), I'Bik) extends also to a cocharacter of Z'°(Lg(0)). This implies 
that(M, (j)) is a direct sum of F-crystals over k which have only one Newton polygon slope 
□ 



18 



2.6.2. Corollary. We assume that {7iB{k)i ^-5 E-pair ofQ which is plus plus admis- 
sible. Then {7iB{k)j A*i) O'lso an E-pair of (M, cf), L^{(f))) which is plus plus admissible. 

Proof: Let u e Lie(Z°(Lg((/))2p)) be the image via di^ of the standard generator of Lie(G^). 
Thus Lg((/))Qp is the subgroup of that fixes u and {tct)aed- We use the notations 
of Subsubsection 2.4.5. Let u^^ e End(W) correspond to u via (4). We consider an 
isomorphism i : Mq^ ^ W that takes ta to Va for all a E 3- Two cocharacters of which 
over Qp are SQp(Qp)-conjugate, are (Qp)-conjugate. Thus we can choose i such that 
i{u) = ttg-^. Thus the E'-pair {7iB{k)i fJ'i) of {M, (j), L^{(f))) is plus plus admissible. □ 

Let now Z be the center of CahMi^^i^si^')))- Let Zz^, be the Zp structure of 
Z obtained as in Subsection 2.4; it is a reductive, closed subgroup scheme of GLmz^- 
As 4>'^ G Q{B{k)) (cf. Subsubsection 2.4.1) normalizes P^{(t))B{k) and {4>)B{k)i we 
have c^*^ G L^c^{(l)){B{k)). Thus Lie(Z) is normalized by (/> and fixed by cj/ . Therefore 
Lie(Z') is VF(fc)-generated by its elements fixed by (j) and thus we can identify naturally 
Lie(Z') = ljie{Zzp)®Zp W{k). Let (ta)aea(o) be the family of all tensors which are elements 
of Lie(Zzp). The group scheme Cg(Z°(Lg(0))) = L^icj)) is the Zariski closure in GLm of 
the subgroup of GLj^^jij that fixes ta for all a G ^ U 5(0). 

2.6.3. Fact. If the family {ta)ae3o of tensors of 7{Mxp) is 'Zp-very well positioned for Szp, 
then the family ita)a€3ou8{o) of tensors of7{Mzp) is Ijp-very well positioned for L^{(f))zp- 

Proof: Let R, O, and 9^ be as in Definition 2.5 (b). We assume that we have ta G 7(0) 
for all ct G 00 U 0(0). We know that Sr is a reductive, closed subgroup scheme of GLq- 
From [Val, Subsubsection 4.3.13] applied in the context of Z^(Lg(0))zp and Zz^, we get 
that the Zariski closure of Z^(Lg(0))jf[i] in GLo is a torus. Its centralizer in 9i? is a 

reductive, closed subgroup scheme of 9i? (cf. [DG, Vol. Ill, Exp. XIX, Subsubsection 2.8]) 
and thus it is the Zariski closure of -^c|(0)ij[i] in GLq. Thus the Fact holds, cf. Definition 

2.5 (b). " □ 

2.7. Some W {k)-algehras. Let e G N. Let X be an independent variable. Let R := 
W{k)[[X]]. Let Re (resp. Re) be the VF(fc)-subalgebra of i?(A;)[[X]] formed by formal 
power series Xl^o '^nX'^ for which we have ! G W{k) for all n (resp. for which the 

sequence bn := ^nf^]' is formed by elements of W{k) and converges to 0). Thus Re is a 
VF(/c)-subalgebra of Re. Let ^Re-, and be the Probenius lifts of i?. Re, and i^e 
(respectively) that are compatible with a and that take X to X^. For m G N let /(m) be 
the ideal of Re formed by formal power series with ao = ai = ■ ■ ■ = am-i = 0. The proof 
of the following elementary Fact is left as an exercise. 

2.7.1. Fact. We assume that p > 3 (resp. p = 2). Let V be a finite, totally ramified 
discrete valuation ring extension ofW{k) of degree at most e. Let ixy be a uniformizer of 
V. Then there exist W {k)-epimorphisms R ^ V , Re ^ V , and Re ^ V (resp. R ^ V 
and Re V) that map X to Try. Also, by mapping X to we get W{k)-epimorphisms 
R -» W{k), Re -» W{k), and Re -» W{k) that respect the Frobenius lifts. 

3. Unramified and ramified CM-isogeny classifications 
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Let 9^ = {Cgl^r e S{W{k))} be as in Subsection 2.1. By the strong CM-isogeny (resp. 
by the CM-isogeny) classification of 5" we mean the description of the subset SZ{^{3^)) 
(resp. Z{^{3^))) of ^(ff') formed by inner isomorphism classes of those with g G S{W{k)) 
which, up to the operation O2 (resp. up to the operations Oi and O2), have a hft of quasi 
CM type. 

Fact 3.1 and Proposition 3.2 present some necessary and sufficient conditions that 
pertain to the statement "C G Z{^{3^))"] their main goal is to motivate why such CM- 
isogenies classifications are too restrictive and often too difficult to be accomplished and 
therefore why in Subsection 3.3 we also introduce ramified lifts of 6 (or of D with respect 
to S) and the (strong) ramified CM-isogeny classification of IF. In Subsections 3.4 to 3.8 
we include different properties required in Sections 5 to 9 and some remarks. In particular, 
Corollary 3.7.3 checks that for p > 3 (resp. for p = 2) the ramified lifts of D with respect to 
S (see Definition 3.7.2) are in natural bijection to (resp. define naturally) abstract ramified 
lifts of C. In this Section we will use the notations of Subsections 2.1 and 2.4. We recall 
that the axioms 2.4.1 (i) and (ii) hold. 

3.1. Fact, (a) If Q has a lift of quasi CM type, then it is unramified semisimple. 

(b) // there is a maximal torus of ^B(k) of Qp-endomorphisms of G, then Q is 
semisimple. 

Proof: We prove only (a) as the proof of (b) is very much the same. Let T be a maximal 
torus of S such that we have 0(Lie('J)) = Lie(T). Thus (p"^ G S{B{k)) (see Subsubsection 
2.4.1) normalizes T. Therefore we have 0^ G Ng{7){B{k)). Let m G N be such that 
0rm g 'J(^B(k)). As the torus T^(fc) is split, part (a) follows. □ 

3.2. Proposition. Let (M^^, Szpj (iQf)aea) Subsubsection 2.4-1- We assume 
that C is unramified semisimple and quasi lU -ordinary- If all simple factors of Sip ^'^c 
Weil restrictions of PGL group schemes and if 9zp{Qp) surjects onto Sz^iQp), then [C] G 

Proof: It suffices to prove the Proposition under the extra assumptions that G is U- 
ordinary, that i^g((/>) B{k) is a subgroup of ^^(fc)) that is the inverse of the canonical 
split cocharacter of {M,F^,(I)) defined in [Wi, p. 512]. The Lie algebra Lie(Lg((;/))^(^-)) is 

-B(fc)-generatcd by elements which are fixed by (t)®(7^. and which leave invariant [-]. Due 
to the functorial aspect of [Wi, p. 513] these elements as well as the t^'s are fixed by t^B(k)- 
Thus HB(k) factors through Z'^{L'c^{(f))B(k))- We check that L^{(/)) is a reductive, closed 
subgroup scheme of 9- Let be the image of it is a torus of the center of Lg ((/>). By in- 
duction on i G N we get the existence of a unique torus T* of the center of Lg {(p) such that 
we have Lie(T*) = (/)*(Lie(r°)). Let Tq be the torus of S generated by T*'s. We claim that 
L^{4>) is Co := Cg(To). Obviously ivg(^) is a closed subgroup scheme of Co- As fi factors 
through Z^{Co) we have (/)(Lie(Co)) = Lie(Co). Thus Lie(CoB(A:)) ^ Lie(Lg(0)B(fc)) i.e., 
CoB{k) is a subgroup of L%^{(j))B{k) (cf- [Bo, Ch. II, Subsection 7.1]). Therefore L^{4>) — Cq 
is a reductive, closed subgroup scheme of S. 

We have 0^ G Co{B{k)), cf. paragraph before Fact 2.6.3. By performing the opera- 
tion Oi we can assume that Cq is split and that all eigenvalues of (j)'^ as an automorphism 
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of either M[^] or End(M[|]) belong to B(k) and are not roots of unity different from 1. 
Let Iq be the image of 0^ in Cq^(S(A;)). Let C2 be the centrahzer of Iq in C'oB(fe)' 
a spht reductive group over B{k). As Lie(C2'^'') is fixed by (f)"^ and normahzed by cj), the 
Lie algebra Lie(C2'^'^) is i?(/c)-generated by elements fixed by (j). Let C'Iq^ be the adjoint 

group over Qp whose Lie algebra is formed by such elements; its extension to B{k) is Cf^. 

Let T2(Q)p be a maximal torus of which splits over cf. [Ti2, Subsection 1.10]. 

Let 7iB{k) be the maximal torus of 5B{k) which contains Z^{Co)B{k) and whose image 
in Cq^(^^-) is generated by Z^{C2) and by the maximal torus of C2B[k} ^^^^ naturally 
isogenous to T2B{k)- The torus 7iB{k) is split and its Lie algebra is normalized by (j). As 
(f)^ acts trivially on Lie{7iB{k))i Lie(Tib(fe)) is S(fc)-generated by elements fixed by 0. Let 
'J'lQp be the Qp-form of Ti with respect to (M[^],(/)); it splits over B{k). Thus let Tiz^ 
be the torus over Zp whose generic fibre is 7iq^ , cf . [Ti2] . We can identify naturally 7iq^ 
with a maximal torus of the subgroup Sq^ of GLmq^- Let Tiq^ be the inverse image of 
TiQp in Z^{Qq^) x Sq^- As above, let 7iZp be the torus over Zp whose generic fibre is 
7iQp- We check that there exists a reductive group scheme over Zp whose generic 
fibre is Z^{^q^) x 9q and which has 7iZp as a maximal torus. As Sq is a product of 
Weil restrictions of Sfi groups, it suffices to check that if ks is a finite field and if T3 is 
a torus over ^^(^3) such that T^B{k3) ^ maximal torus of SLB(k3)": then there exists a 
^^(fca) -lattice M3 of B{k^)'^ such that T3 is a maximal torus of SLms- We take M3 such 
that it is normalized by T3, cf. [Ja, Part I, 10.4]. It is easy to see that T3 is a maximal 
torus of SLms (for instance, cf. [Va2, Thm. 1.1 (d)]). 

As Szp(Qp) surjects onto 9|p(Qp), there exists an element h G 9Qp(Qp) such that 
we have /i§f^(Zp)/i-i = Sz^(Zp) (cf. [Ti2, Subsection 1.10]). Thus by performing the 
operation O2 (i.e., by replacing M^^ with h~^{Mi^)) we can assume that the Zariski 
closure of Tiq^ in GLm^^ is the torus Tiz^- Obviously 7iyY(j.^ is the extension to W{k) of 
a maximal torus of S whose Lie algebra is normalized by 0. Thus from the very definitions 
we get that [6] e Z{^{3^)). □ 

3.2.1. Remark. If S|'^ has simple factors of Dynkin type (n > 2), then in general we 
can not assume that up to the operation O2 the Zariski closure of Tiq^ in is a torus 
(cf. [Val, Rm. 3.1.2.2 1)]). This can be adapted to the B^ and Dn Dynkin types. 

3.3. The ramified context. Let F be a finite, totally ramified discrete valuation ring 
extension of W{k). Let K := V[^] and let Try be a uniformizer of V . We assume that 

e •.= \y : W{k)] > 2. Let the VF(A;)-algebras R, Re, and Re be as in Subsection 2.7. For 
m e N let be the Frobcnius lift of Rm '■= W{k)[[Xi, . . . , Xm]] which is compatible 
with a and which takes Xi to Xf for all z G {1, . . . ,Tn}. If m = 1 we drop it as an 
index; thus Ri = R. The p-adic completion of O/^^ is a free ^^^.-module that has 

{dXi, . . . , dXm} as an i^j^j-basis. Let nie : R ^ V he the VF(/c)-epimorphism which takes 
X to TTv- If p>3 (resp. p>2), we denote also by me the VF(A;)-epimorphism Re ^ V 
(resp. Re V) defined by me (cf. Fact 2.7.1). 
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3.3.1. Definitions, (a) By a lift of C to Rm we mean a quadruple 

(5) iMn^,Fk^,<pMn^,9Rj, 

where Mn^ is a free i?r„-module of the same rank as M, is a direct summand of 

Mr^ , SRrr, is a reductive, closed subgroup scheme of GLmr^ , and ^m^^ : Mr^ Mr^ 
is a $ij^-linear endomorphism, such that the following three axioms hold: 

(i) the i?,„-module Mr^ is generated by ^m^^ (Mr^ 

(ii) there exists a family of tensors {t^"')a&3 oi the F°-filtration of 7{Mr^) defined 
by such that we have (t>Mii^ i^a"") = ^a"* for all a G 5 and Sr^ is the Zariski closure 
in GLmh^ of the closed subscheme of GL^^^^ ji j that fixes t^"" for all a e d, 

(iii) the extension of {Mr^, (^Mr^jSr^) via the l^(A;)-epimorphism mo : Rm ~^ 
W{k) that maps each Xi to 0, is C. 

(b) Let rrim-e '■ Rm be a VF(/c)-epimorphism; if m = 1 we take mi-e '■= Wg. 
Let := F^^ ^r^ mrr.,V. We refer to {Mr^,F^, (f>Mn^ , SrJ as a lift of C to'i?^ with 
respect to V. 

(c) We say {Mr^,F^, (pMR^.^Rm) is a lift of C to Rm of quasi CM (resp. of CM) 
type with respect to V, if there exists a maximal torus To rii of 9r rii such that the 
following two axioms hold: 

(i) Lie('J^^^[i]) is normalized (resp. is -generated by elements fixed) by (Pmr^'i 

(ii) Fv[\] is a Lie(Tfl^[i])/Ker(m,„;e)Lie(Tjj^[i])-module. 

(d) We have variants of (a) to (c), where we replace Rm by Re or Re (the W{k)- 
epimorphisms from either Re or Re onto V being me). A lift of C to Re (which is of quasi 
CM or of CM type) with respect to V is also called a ramified lift of C to F (of quasi CM 
or of CM type). 

(e) If we have a principal bilinear quasi-polarization Am : M ®w{k) M W{k) of 
C, then by a lift of (C, Am) to Rm we mean a quintuple 

(Mr^ , F^^ , </>Mh^ , Sfl^ , Amh^ ) , 

where {Mr^, -^A^' ^A^Rm ' Si?™) is as in (a) and Am_r,„^ is a perfect bilinear form on Mr^ 
which lifts Am, whose Rm-span is normalized by Si?™, and for which we have an identity 
(x) O (Pmr^ (y)) = P^Rrui^MR^ {x O y)) for all elements x,y e Mr^. Similarly, 
definitions (b) to (d) extend to the principal bilinear quasi-polarized context. 

3.3.2. Remarks, (a) Let (M^^, F^, 0Mh^ , Si?™) be a lift of C to Rm of CM type 
with respect to V. Let To rii be a maximal torus of Sr rii such that the two axioms 

*'7Tt I p ] ^TTl V p i 

of Definition 3.3.1 (c) hold for it. Let TiB(fe) be the pull back of '^'^^[i] via the B{k)- 
epimorphism -Rm[^] B{k) that takes each to 0. As Lie(TH^[i]) is i?^[^]-generated 
by elements fixed by 4^Mr^ , 7iB{k) is a maximal torus of 9B{k) of Qp-endomorphisms of G. 
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Similarly, if Q has a ramified lift to V of CM type, then there exist maximal tori of SB{k) 
of Qp-endomorphisms of C. 

(b) We refer to Definition 3.3.1 (a). The reductive group scheme 9i?„ over lifts 
S (cf. axiom (iii) of Definition 3.3.1 (a)) and thus (as Rm is complete in the (Xi, . . . , Xm) 
topology) it is isomorphic to S Xspec(iv(fc)) Spec(i?Tn) (i-e., our notations match). 

3.3.3. Ramified CM-isogeny classifications. By the strong ramified (resp. by the 
ramified) CM-isogeny classification of J' we mean the description of the subset 

SZ'^'^i^iT,) (resp. Z'^'^{^{3^))) 

of y(9^) formed by inner isomorphism classes of those Qg with g G 9{W{k)) for which, up 
to the operation O2 (resp. up to operations Oi and O2), there exists a discrete valuation 
ring V as in Subsection 3.3 and a ramified lift of Gg to V of quasi CM type. We have 
^(y(^?)) C ^■"^"^(1^(3^)) and 5Z(y(:?)) C SZ'^'^i'^iS')). 

Let PS'Z'^^"(1^(3^)) (resp. PZ'''^'^{'^{3'))) be the subset of •^(9^) formed by inner 
isomorphism classes of those with g G 9{W{k)) for which (resp. for which, up to the 
operation Di,) there exists a discrete valuation ring V as in Subsection 3.3 and an element 
h G ^{Gg) such that the Shimura F-crystal {h{M)^(j)^ S(^)) over k has a ramified lift to V 
of quasi CM type. 

We assume now that we have a principal bilinear quasi-polarization Am : M ®w{k) 
M W{k) of e. Let 

0^(e,AM) := a(e)nAut(M,AM)(S(A;)). 

Let J(C, Am) be the set of inner isomorphism classes of quadruples of the form (/i(M), S(/i), Am) 
with h G 3f(C, Am) (i-e., the set of such quadruples up to isomorphisms defined by ele- 
ments of (S n Aut(M,AM))(W^(A;))). Let y(9',AM) := Uge(gnAut(M,AM))(iv(fc))^(C9, Am)- 
As above, let SZ'^'^{'^{'J,Xm)) (resp. ^■'^"^(^(3^, Am))) be the subset of y(g^,AM) formed 
by inner isomorphism classes of those (Cg,AM) with (7 G (S fl Aut(M, Am))(W^(/s)) for 
which, up to the operation Di (resp. up to operations Oi and D2), there exists a discrete 
valuation ring V as in Subsection 3.3 and a ramified lift of (C^, Am) to V of quasi CM 
type. 

3.4. Lemma. Lets G N. Letg G GLMn^{Rm) be congruent to 1mh,„ modulo p^Rm- From 
[Fa, Thm. 10] we deduce the existence of a unique connection Vo : M^^^fi^Vt^^ 
(resp. Vi : Mr^ Mr^®r^^rJ on Mr^ such that (Pmr,^ (resp. gcpMn,^) is horizontal 
with respect to it; it is integrable and nilpotent modulo p. Let Dq (resp. Di) be the 

unique (up to a unique isomorphism) p-divisible group over Rm/pRm whose F -crystal is 
{Mr^,(/)Mr 5V0) (resp. {MR^^,g(f}MR jVi) (the uniqueness part is implied by [BM, Thm. 
4-1-1] while the existence part is implied by [Fa, Thm. 10]). Then we have Dq\p^] = Di\p^]. 

Proof: Let d^^R^^jp be the differential map of divided by p. Let F]^ be a direct 
supplement of F^^ in Mr^. We have Vo((/>Mh^ (a^)) = P{(t>MR^ ® d^R^^/p) o Vo(a;) 
if a; G and Vo((/'Mfl^ (x/p)) = (0m«^ ® d^R^*/p) ° Vo(a;) if a; G F^^. Similar 

equations are satisfied by Vi. Let Voi[p*] be Vo — Vi modulo p*; it is an i^^/p^i^^-linear 
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map Mr^^/p'Mr^^ Mr^/p'Mr^ ®R^/psR^ flR^/psji^. As Mr^ is i?^-generated by 
0Mh^ (Fr^ ® p^km) ^ ^® have = Xf, by induction on Z e N we get that 

Voi[p'^] is zero modulo the ideal (Xi, . . . .Xj^Y of Rm/p^Rm- Thus the connections on 
Mr^/p^Mr^ defined by Vo and Vi coincide. Therefore we have -Dob*] = -^^ib'']' ^f. 
[BM, Prop. 1.3.3 and Thm. 4.1.1]. □ 

3.5. Theorem. We assume that p > 3 and S = GLm- Then the ramified lifts of Q to V 
are in natural bijection to lifts of D to p-divisible groups over V. 

Proof: To a p-divisible group Dy over V that lifts D one associates uniquely a ramified 
lift of C to F as follows. Let 

be the extension via the VF(/c)-monomorphism Re ^ Re of (the projective limit indexed 
by n e N of the evaluation at the thickening naturally attached to the closed embedding 
Spec{V/pV) ^ Spec{Re / p^ Re) of) the Dieudonne F-crystal over V/pV of Dy Xspec(V) 
Spec(V/pV) (see [Me], [BBM], [BM], and [dJ, Subsection 2.3]). Thus M^^ is a free Re- 
modulc of the same rank as -D, V : Mf^^ — > M^^ ®Re RedX is an integrable and nilpotent 
modulo p connection on M^^, and 4>Mj^ is a $^g-lincar cndomorphism of Mj^^ which 
is horizontal with respect to V. If F^{M^^) is the inverse image in of the Hodge 
filtration Fy of M^g/Ker(me)M^g = H^jJ^Dy /V) defined by Dy-, then the restriction of 
0M^^ to F^{M^J is divisible by p and M^^ is ^e-generated by ^M^^S^Re + i^^i^^Re))- 
Thus the quasruple (Mb^, Fh,6M- ,GLm- ) is the ramified lift of C to y associated to 
Dy. Due to this and to the fully faithfulness part of [Fa, Thm. 5], to prove the Theorem 
it suffices to show that every ramified lift of C to is associated to a p-divisible group over 
V which lifts D. As p>3, each lift of (M, GLm) is associated to (i.e., it is the filtered 
F-crystal of) a unique 7>-divisible group over W{k) that lifts D (cf. Grothendieck-Messing 
deformation theory of [Me, Chs. IV and V]). Thus each lift of C to Rm is associated to 
a unique p-divisiblc group over R^ that lifts D, cf. [Fa, Thm. 10]. Thus the Theorem 
follows from the following general result (applied with p>3, S = GLm, and 3 = 0)- □ 

3.6. Theorem. We assume that p > 2 but do not assume that S is GLm- We take m 
to be dim(S^Yfc))- Then each lift {Mj^^, F^^, 4>m^^, ^Rc) ^ -^^ extension via a 

W{k)-homomorphism Rm —>■ Re of a lift of Q to Rm (this makes sense, cf. the uniqueness 
of connections in Lemma 3.4)- 

Proof: Let {t^^)cteg be a family of tensors of the F'^-filtration of T(M^g) defined by F^^ 
which has the analogue meaning of the family of tensors {t^"^)cted Definition 3.3.1 
(a). Not to introduce extra notations, we can assume that the extension of C"^^ := 
(M^g, F^^, (/)M^^, (ta^)a€a) via the VF(/c)-epimorphism mo : Rm W{k) of Definition 
3.3.1 (a) is of the form C^^'^) = (M, F^, 0, {ta)aed)- Let 
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where g^^^^ : Spec(i?rn) S is a universal morphism which identifies Spf(i?rn) with the 
formal completion of S'^'^^ along the identity section. Let Vuniv be the unique connection 
on M ^w{k) Rm such that g'^^^^^cj) ® is horizontal with respect to it. Let 5q be the 

flat connection on M ®w{k) Rm that annihilates M 1. 

We have 7univ '■= Vuniv — <^o ^ Lie(S) ®w{k) cf. [Fa2, §7, Rm. ii)]. For the sake 

of completeness, we include a proof of the last result. We view T(M) as a module over 
the Lie algebra (associated to) Endvt^(fc)(-^) and we denote also by Vuniv the connection 
on T(M ®w{k) Rm[^]) which extends naturally the connection Vuniv on M ®w{k) Rm- 
Each tensor ta G 7{M ®)w{k) Rm[^]) is fixed under the natural action of (7univ(^ ® ^Rm) 
on T(M ®w{k) Rm[^])- Thus we have Vuniv(ta) = {gtZM ® ^rJ ® rJ{V ^^i^{t^)). 
As we have d(^ii^{Xi) = pXf~^dXi for each i G {1, . . . by induction on s G N we 

get that Vuniv(^a) = 7univ(^a) G T(M) 'S)w(k) (Xi, . . . .XmY^R^i^]- ^s Rm is Complete 
with respect to the {Xi, . . . , X^) -topology, we get that Vuniv(^a) — 7univ(^a) ~ 0. But 
Lie(SB(fc)) 1^ EndvK(fc)(-/W") is the Lie subalgebra of Endw{k){M) that centralizes ta for all 
a & 3- Prom the last two sentences we get that 7univ G Lie(S) ®>w{k) ^r^- 

Next we list three basic properties of the Vr(A;)-algebra Re: 

(i) we have Re — proj.lim.^£pji?e//(m), the transition VF(A;)-epimorphisms being 
the logical ones (see Subsection 2.7 for /(m)'s); 

(ii) the W^(/c)-module I{m)/I{m + 1) is free of rank 1 for all m G N; 

(iii) we have an inclusion I{m)'^ + $^g(/(m)) C /(m + 1) for all m G N. 

Thus the arguments of [Fa, Thm. 10 and Rm. (iii) of p. 136] apply entirely to give 
us that C^'^ is the extension of C^"" through a T'F(/c)-homomorphism R^ —>■ Re that maps 
the ideal {Xi, . . . , Xm) to /(I) (this extension is well defined as the connection Vuniv exists 
and is unique). Strictly speaking, loc. cit. is stated in terms of a iniivcrsal element of S 
and not of S'^'^^ ■ But the image of the Kodaira-Spencer map of Vuniv is the same regardless 
if we work with 2^^'^ or S (this follows easily from the relation 7univ G Lie(S) ®vi/(fc) ^r^) 
and therefore loc. cit. applies in our present context of S^^'^ as well. □ 

3.6.1. Corollary. Let {Mp^^, F^^, (pM^^, 9rJ « ^^J^ ofG to Re. If p > 3, let Dy be the p- 
divisible group overV that lifts D and that corresponds to (M^^, Fp^^®^^rn^V, ^^nJ 
natural bijection of Theorem 3.5. Ifp — 2, we assume that there exists a p- divisible group 
Dy over V which lifts D and such that the triple (Ms^, ®f>^m 4^m- ) ^-5 associated to 
it as in the proof of Theorem 3.5. Let 7f^^^i^ be a maximal torus o/S^e[i] -^i^c/i that 4>Mf^^ 

leaves invariant Lie{7f^^^i]) o-n^d Fj^ := ®Re[^ K is a Lie{7j^^^i^ ®_Re[i] K -'module. 

Then by performing the operation Oi we can assume that Lie(T^gji]) is Re[^]- generated 

by elements fixed by 4>Mf^ o,nd thus that C has ramified lifts to V of CM type. Thus, up to 
the operation Oi, the p-divisible group Dy is with complex multiplication. 

Proof: There exists a canonical and functorial (in Dy) identification 

(6) {M®wik) Re[\4>®^Re) = {M^A,4>mJ 
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under which the pull back of the natural 5(A;)-epimorphism Re[^] -» B{k) that takes 
X to is the identity automorphism of (M[^],0) (see [Fa, Section 6] for the existence 
part; the uniqueness part follows from the fact that no element of End(M[^] <SiB{k) -^(1) 
is fixed hj (f) (E) $^e)- Therefore via (6), we can identify Fj^ with a direct summand of 

M ®^(,) K = Hl^iDv/V)[^] = [M^^/Ker(me)M^J[i]. 

Let 7iB(k) be the pull back of 7j^^^i_T^ to a maximal torus of SB(k)- Under the identifi- 
cation (6), Lie{7iB(k))®B(k) R^[^] gets identified with Lie(T^gji]). Thus is a Lie('Jix)- 
module. The triple {M[-], <f), F^) is the filtered Dicudonne module of Dy and thus it is 
an admissible filtered module over K. The triple (Lie('Jis(fc)), 0) is an admissible fil- 
tered submodule over K of End(M[^], Fj^). Therefore all Newton polygon slopes of 
(Lie(TiB(fc)), (/>) are 0. As normalizes Lie(TiB(fc)), it is easy to see that by performing 
the operation Di we can assume that Lie(TiB(fc)) is 5(A;)-generated by elements fixed by 

Let t G Lie(T^gjij) be an element which lifts an element t G Lie{7iB{k)) fixed by (p 

and for which we have i{Mj^J C M^^. As $^g(X) = Xp, the sequence (0m^ (^))s€N 

converges in the topology of the i?e[i]-module End(M^g)[i] defined by the sequence 

(/(m)End(Mp )[i])m€N of i?e[i]-submodules to an element to G Lie(To rii) which is fixed 

by (j>M^^ and which lifts t. This implies that Lie(T^gji]) is i?e[|]-generated by elements 

fixed by 4>Mf^^- This proves the first part. As Iq leaves invariant F^, an integral p-power 
of it corresponds naturally to an endomorphism of Dy (even if p = 2). Thus the second 
part follows from this and the first part. □ 

3.7. Connection to the Main Problem. Let Dy be a p-divisible group over k that 
lifts D. Let (Af^g, Fy, (f>M^J be associated to Dy as in the proof of Theorem 3.5 (even if 
p = 2). Under the identification (6), we can naturally view S^e[^] ^ ^ subgroup scheme of 
GLj^_^ [!]• Let be the Zariski closure in GLm^^ of S^e[^] (^^ general it is not a closed 
subgroup scheme of GLm^^^)- We have the following Corollary of Theorem 3.6. 

3.7.1. Corollary. We assume that the Zariski closure S'v of mZ(Q'- )k in GLm- ®- ^ v 
is a reductive group scheme over V whose special fibre, under the canonical identifi- 
cation ®Re ^ ~ M/pM, is S/e- We also assume that there exists a cocharacter 
fly : Grn Sy that ttcts ou Fy via the inverse of the identical character of and 
that fixes [Mj^^/ Ker{me)Mj^J/Fy = H^j^{Dy /V)/Fy. Then is a reductive, closed 
subgroup scheme of GLm^ isomorphic to ^'^^ i-^Re^ , S^g) ^ ramified lift 

of e to V. 

Proof: For s G {1, . . . , e} we have Ri ^ := Re/I{s) = W{k)[[X]]/{X''). By induction on 
s G {1, . . . ,e} we show that the Zariski closure of 9B{k)[lx]]/{x^) in GLm^^//(s)m^^ 

is a reductive, closed subgroup scheme of G'LMj^^/i{s)Mjj^^- The case s < p — 1 is obvious 
as the ideal (X)/(X*) of has a nilpotent divided power structure. More precisely, the 
reduction modulo /(s)[^] of the identification (6) gives birth to a canonical identification 
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(M ®w{k) ® = (-^fle'</^M^e) "^-Re ^^//(s), where is the Frobenius hft 

of Ri/{X^) = i?i s which is compatible with a and which annihilates X modulo {X^). If 
p — 1 <s <e — 1, then the passage from s to s + 1 goes as follows. 

Let my be the maximal ideal of V . Under the canonical identification Af^^ ®Re ^ ~ 
M/pM ^ we can also identify Fy/mvFy — /pF^ and ^'y = S/t; therefore we can assume 
view both jly modulo my and /ife as cocharacters of Tfc. By replacing with a CP(VF(/c))- 
conjugate of it, we can assume that jxy modulo my commutes with /x^. As /iy modulo 
mv and are two commuting cocharacters of IPfc that act in the same way on F^/pF^ 
and {M/pM)/{F^/pF^)^ they coincide. Let pR-^ ^ : Grn 9'^-^ be a cocharacter that lifts 
both pv modulo niv and p, cf. [DG, Vol. II, Exp. IX, Thms. 3.6 and 7.1]. Let i^^;^ ^ 
be the direct summand of M^g//(s)M^g which lifts Fy/myFy — F^/pF^ and which is 
normalized by fiR^^^- 

Let m := dim(9^Yfc))- ^V^m [Fa, proof of Thm. 10 and Rm. (iii) of p. 136] we get 
that the quadruple (M^g//(s)M^g, F^^ </>m^^, ita)aed) is induced from G^"^ via a W{k)- 
homomorphism jg : Rm — Ri,s that maps the ideal (Xi, . . . to the ideal {X)/{X^). 

Here we denote also by 0m^^ its reduction modulo I{s). As the ideal of i?i,s+i 

has naturally a trivial divided power structure and as js lifts to a VF(/c)-homomorphism 
js+i : Rm ^ Ri,s+i that maps the ideal [Xi, . . . ,Xm) to the ideal {X^)/{X^~^^), the 
triple {Mf^JI{s + 1)M^^,(^m^^, (ta)a6a) is the extension of {Mr^, 4)Mn^, {tj^'^)aed) via 
such a homomorphism jg+i. Thus is the pull back of 9r^ via the morphism 

js+i '■ Spec(i?i,s+i) — > Spec{Rm) defined by js+i (and denoted in the same way) and it 
is therefore a reductive, closed subgroup scheme group scheme of GLMf^^/i{s+i)Mf^^- This 
ends the induction. 

Let pr-^ ^ : Gm 9'r^ ^ be a cocharacter that lifts both /i and the reduction 
modulo p of pv, cf. [DG, Vol. II, Exp. IX, Thms. 3.6 and 7.1]. Let F^^ ^ be the 
direct summand of M^^/I{e)M^^ which lifts Fy/myFy — F^/pF^ and which is nor- 
malized by jj^R^ ,,- Prom [Fa, proof of Thm. 10 and Rm. (iii) of p. 136] we get that 
(M^g//(e)M^g, ^, (ia)aea) is induced from C^"' via a VF(A;)-homomorphism 

je : Rm Ri,e that maps the ideal (Xi,... ,X^) to the ideal {X)/{X^). Here we 
denote also by </>m^^ its reduction modulo /(e). 

Let -Duniv be the p-divisible group over Rm/pRm whose F-crystal is (M <S>w{k) 
Rm, g'^nivi'P ® ^flm)^ Vuniv) (see proof of Theorem 3.6). A second induction on s e 
{1, . . . , e} shows (based on Grothendieck-Messing deformation theory) that there is a 
VF(/c)-homomorphism jg : Rm Ri,s that maps the ideal (Xi,... ,Xm) to the ideal 
{X)/{X^) and such that the pull back of -Duniv via the morphism Spec(A;[[X]]/(X*)) — > 
Spec(i?rn) defined by js is Dy Xspec(v) Spec(/c[[X]]/(X®)). Taking s = e we get that we 
can assume that Dy Xspec(y) Spec{V/pV) is the extension via je modulo p of -Duniv This 
implies that the triple (M^^, (/)m^^, (^a)aea) is the extension of (M (>^w{k) Rm, 9 utdvi^' ® 
^-Rm)' {'ta)aed) via a (any) M^(A;)-homomomorphism Rm — ^ Re which lifts jg modulo p (the 
fact that under such an extension and the identification (6) , each ta is maped into to. follows 
from the fact that no element of T(-M[^])(8)B(A;)/(e)[^] is fixed by 0(8)^^g). Thus the closed 
embedding S'^^ ^ ^^^m^^ is the pull back of the closed embedding g_R^ ^ GLM<s,y^r^^k)Rm 
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via a morphism Spec(^e) Spec(i?^) which hfts modulo p. As is a reductive, 
closed subgroup scheme of GLM^^(^i^^R-mj we conclude that is a reductive, closed 
subgroup scheme of GLm^^- 

As S'^ is smooth over Re and due to the property (i) of the proof of Theorem 3.6, 
there exists a cocharacter /j,^^ of that lifts both n and jly (to be compared with [Val, 
Lem. 5.3.2]). Let F^^ be the direct summand of M^^ that lifts Fy and that is normalized 

by //^g. The quadruple (M^^, F^^, S^g) is a lift of C to Re (the analogue for Re 

of the axiom (iii) of Definition 3.3.1 holds for this quadruple due to the very definition of 
g^J. Thus (M^g, , (f>M^^, S^e) is a ramified lift of GtoV. □ 

3.7.2. Definition. Let Dy be a p-divisible group over V that lifts D. We say that Dy 
is a ramified lift of D to with respect to S if (to be compared with the Manin Problem 
1.2) the following three axioms hold: 

(a) under the canonical identification H^j^{Dv /V)[^] = M iSiw(k) ^[p] (see proof of 
Theorem 3.6), the Zariski closure Q'y of Sk in G^h^j^{Dv/v) is a reductive, closed subgroup 
scheme of GLhi^^j^^ /yy, 

(b) under the canonical identification M/pM = H^^{Dv/V)/mvH^^^{A/V), the 
group scheme Q'y lifts 9fc (here niv is the maximal ideal of V); 

(c) there exists a cocharacter — ^ Sy that acts on Fy via the inverse of the 
identical character of and that fixes H^^{Dv /V)/ Fy, where Fy is the direct summand 
of H^^{Dv /V) which is the Hodge filtration of Dy- 

3.7.3. Corollary. We assume thatp>3. Then the ramified lifts of G to V are in natural 
bijection to the ramified lifts of D to V with respect to S. 

Prooft Let (M^^, F^^, 0m^^, S^e) be a ramified lift of G to V. Let F^ := F^^ rn^V. 
Let Dy be the 7?-divisible group over V that corresponds to (M^^, Fy, (/"m^^) via Theorem 
3.5. From Definitions 3.3.1 (a) and (d) we get that Dy is a ramified lift of D to V with 
respect to S- Thus the Corollary follows from Theorem 3.5 and Corollary 3.7.1. □ 

3.8. Remarks, (a) Sections 2.7, 3.5, and 3.7 hold with k replaced by an arbitrary perfect 
field of characteristic p. Theorem 3.5 was first obtained in [Br] and [Zi2] (strictly speaking 
these references worked with Re instead of Re but as ^^^{Re) C Re it is easy to see that 
for p > 2 there exists a natural bijection between lifts of C to Re and lifts of C to Re) . The 
results 3.6, 3.7.1, and 3.7.3 are not in the reach of either [Br] or [Zi2]. 

(b) Often in this paper the principally quasi-polarized contexts are treated as variants 
of non-polarized contexts. This is so due to the following two reasons. First, often the 
principally quasi-polarized context is handled by making small (if any at all) modifications 
to the contexts that involve only G. There exists no element of M <^w{k) H^) fixed by 
(j) (8) Thus if we have a principal quasi-polarization Am : M <Siw{k) M ^ W{k) of G 

and if in Theorem 3.6 we have a lift (M^^, Fl^, 0Mj^^, S^e' '^•'w^Re) (6, Am) to Re, then 
the VF(A;)-homomorphism Rm Re of Theorem 3.6 takes automatically Am to Am- • 



28 



To explain the second reason we assume that S is generated by Z{GLm) and by a 
reductive, closed subgroup scheme of SLm and that the intersection Z{GLm) H is 
either /X2 or Spec(VF(/c)). Then for most applications we can replace C by the direct sum 
e©e*(l) := (M©M*(l),(/)©plM*o<^,S), where M*(l) := M* and where 3 is a reductive, 
closed subgroup scheme of GLMeM*(i) such that S° acts on M*(l) via its action on M* 
and Z(GLm) is naturally identified with Z{GLmi^m*{i))- Let Am®m*(i) be the natural 
principal alternating quasi-polarization of C © C*(l). Then each ramified lift of C to 
gives birth naturally to a unique ramified lift of (C © C*(l), ^m®m*{i)) to V. 

4. The basic results 

In this Section we state our basic results pertaining to the (ramified) CM-classifications 
of Section 3 (see Basic Theorems 4.1 and 4.2). Corollaries 4.3 to 4.5 are practical applica- 
tions of Basic Theorems 4.1 and 4.2 for contexts related to Shimura varieties of either 
or type. Let (M^^, Szp, {'ta)a€d) be as in Subsubsection 2.4.1. 

4.1. Basic Theorem. We assume that C is semisimple and basic. We have: 

(a) // [e] G ^(^(9^)), then QH holds for G. 

(b) 9^ (resp. Q% T% or TT^R) holds for C if and only if ^ (resp. Q% T%, or 
TT^) holds for Q} 

(c) We assume thatp>3, thatQ + ^ holds for G, and that there exists a subset do of 
3 such that the family {ta)aedo of tensors of7{Mzp) is of partial degrees at most p — 2 and 
is Zp-very well position for S (see Definitions 2.5 (a) and (b)). Then [C] G PZ''*™(y(3')). 
Moreover, if either Q + +21 holds for 6 and Z°(g) = Z^{Ci) or S = iVci (S), then in fact 
we have [6] G Z=^a™(y(3^)). 

4.2. Basic Theorem, (a) We assume that C is basic and semisimple. We also assume 
that each simple factor o/S^j^^-j is of Bn, Cn, or Lie type. Then TT^R holds for G. 

(b) We assume that C is semisimple and that each simple factor of S^j-g) is of B^ 
or Dn Lie type. If S^^^^ has a simple factor V of Dn Lie type, then we also assume that 
the centralizer in V of the image of /ivK(fc) either V itself or it is of Dn-i Lie type 

and, in the case n = 4, that V^^ is naturally a normal, closed subgroup scheme of S^^^^^-j ■ 
Then TT^ holds for C. 

In Sections 5 and 6 we prove Basic Theorems 4.1 and 4.2 (respectively). The following 
three Corollaries are abstract extensions of [Zil, Thm. 4.4] for p > 3 and for contexts 
related to Shimura varieties of cither B^ or type. They are also the very first situations 
where complete ramified CM-classifications are accomplished. Their proofs are presented 
in Section 7. Let % be the restriction to Lie(S'^'^'^) of the trace form on End(M). Let ^ be 
the Killing form on Lie(S'^®^)- 



1 We expect that the (b) part is well known. 
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4.3. Corollary. We assuTne that all simply factors ^/S^^-^^ of or D2n+i Lie type, 

that S'^'^^ is simply connected, that Z^{S) = Z^{Ci), that the natural isogeny Z°(S) 9^^ 
can be identified with the square isogeny 2 : Z^{S) Z^{S), that p > 3 and that the 
symmetric forms % and ^ on Lie{9'^^'^) are perfect. Then for an element g e 9{W{k)) we 
have [Qg] G if and only if Cg is semisimple. 

4.3.1. Example. Let n G N. We assume that the representation S GLm is a product 
of spin representations of GSpin2n+i group schemes. Thus all simply factors of 9^0,^ are 

of -B„ Lie type, S'^'^'^ is simply connected, and Z^{9) — Z^iCi). We also assume that p > 3 
does not divide n — 1. Then the symmetric forms % and ^ on Lie(S'^'^'^) are perfect, cf. 
[Val, Lem. 5.7.2.1]. Thus for an element g G 9{W{k)) we have [Qg] G ^'^^'^(^(9^)) if and 
only if Qg is semisimple, cf. Corollary 4.3. 

4.4. Corollary. We assume thatp > 3, that all simply factors o/S^^-^^ <ire of Lie type, 

that S'^^'^ is simply connected, that the symmetric forms ^ and % on Lie{9'^'^^) o,re perfect, 
and that Z^{9) = Z^{Ci) is a torus of rank 2 times the number of simply factors o/S^^^^- 

If n is odd we also assume that (M, 0, S) is a Shimura F-crystal over k, where S is the 
closed subgroup scheme ofS generated by S'^^^ and by the maximal subtorus of Z^{9) 

with the property that the representation on M ®w(k) W{k) of each normal, semisimple, 
closed subgroup scheme of 9w(k) whose adjoint is simple, is a direct sum of trivial and 
of spin representations on which Z'^'^{9)w(k) ^^^^ ^'^^ scalar multiplications. Then for an 
element g G S(VF(/c)) we have [Qg] G Z'^^™(y(5')) if and only if Qg is semisimple. 

4.5. Corollary. We assume that p > that S^®"" is simply connected, that each sim- 
ple factor of S^(^-) is of or Lie type, that the symmetric forms ^ and T on 

Lie{9'^'^^) are perfect, and that we have a principal bilinear quasi-polarization Am of C. 
Let Ci(AAf)° be as in Theorem 2.4-2 (c). Let S^^, maximal reductive, closed sub- 

group scheme of that fixes Am- We also assume that Z^{S) = Z^{Ci{Xm)^) and that 
the group H^{Qp,Sq'^) is trivial. Then for an element g E {9 H Sp{M, XM)){W{k)) we 
have [(Cg, Am)] £ Z'^^"^{'^{3^, Xm)) if and only if Cg is semisimple. 

5. Proof of Basic Theorem 4.1 

In this Section we assume that C is basic and semisimple. In Subsections 5.1, 5.2, 
and 5.3 we prove Theorems 4.1 (a), 4.1 (b), and 4.1 (c) (respectively). 

5.1. Proof of 4.1 (a). To prove Theorem 4.1 (a) we can assume that there exists a 
maximal split torus T of S such that we have (/>(Lie(T)) = Lie(T). We can also assume 
that Lie(T) is generated by elements fixed by (p (see proof of Proposition 3.2). Thus C'j := 
CgLmC^) is ^ reductive, closed subgroup scheme of GLm such that we have 0(Lie(C'j)) = 
Lie(C'j). This implies that F^/pF^ is a Lie(C'jfc)-module. As C'j{W{k)) is naturally a 
subset of Lie(C^^;i/(fc-)), the group C'jk normalizes F^/pF^. Thus 7k is a maximal torus of 
(P/e- Let To be a maximal torus of CP through which the cocharacter fj, : Gm — > S factors. 
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From [DG, Vol. II, Exp. IX, Thms. 3.6 and 7.1] and [Bo, Ch. V, Thm. 15.14] we deduce 

the existence of an element g G ^{W{k)) which modulo p belongs to 'y'{k) and for which 
we have an identity g{7Q)g~^ = T. By replacing fi with its inner conjugate through g we 
can assume that factors through T. Thus Lie('J) is VF(/c)-generated by elements fixed 
by (70 := (t)iJi{p). Let be the torus of Szj, whose Lie algebra is formed by elements of 
Lie(T) fixed by a<^ (cf. beginning of Subsection 2.4 applied with □ = T); its extension to 
W(k) is and Tq^ is the Qp-form of 7B{k) with respect to (M[i,(/)). As C is basic, 

the product of cocharacters of T of the orbit of ^ under integral powers of a"^ (equivalently 
of 0) factors through Z'°(S). Thus (Tb(a;), IJ^Bik)) is an unramified E'-pair of C that satisfies 
the cyclic € condition. This proves Theorem 4.1 (a). □ 

5.2. Proof of 4.1 (b). To prove Theorem 4.1 (b) we can assume that C is basic. It 
is enough to show that an i?-pair {7iB{k)-, ^^i) of C is admissible if and only if il holds 
for it. If an E'-pair ('>riB(fc); /^i) is admissible, then (as C is basic) from [Kol, Subsections 
2.4 and 2.5] and [RaZ, Prop. 1.21] (see also [RR, Thm. 1.15]) we get that the product 
of the cocharacters of 7iki which belong to the Gal(-ft'i/Qp)-orbit of //i factors through 
■^*^(Ski)- Thus the £^-pair iT'iB{k)i l^i) of C satisfies the €. condition, cf. Example 2.3.1. 
Thus ^ holds for C. 

We now show the the converse holds i.e., we prove that if 

C^lBik), fJ-ljT = iTl,T2, . . . ,Tl)) 

is an £^-triple of C such that the condition 2.3 (el) holds and if K2 and are as in 
Definitions 2.3 (d) and (h), then the filtered module (M[^], 0, F^^) over K2 is admissible. 
It is enough to show that the filtered module (M [^], </>, -F^^) -^2 is weakly admissible, 

cf. [CF, Thm. A]. Let K2 be the subfield of B{k) generated by B(k) and K2. For 
,1} let Mi :=M. Let 

O := {®UiMi) ®w{k) K2. 

Let O := 0®K2^2- Let Kqq := {x G K2\ri{x) = x Vz G {1, . . . . , /}}; it is a totally ramified 
finite field extension of Qp. Let Kq be the smallest subfield of K2 which contains Kqq and 
such that the cocharacter '■ '^1X2 is fixed by all elements of Gal(i^2/-f^o)- Let 

d G N be as in the condition 2.3 (el). 

We denote also by r the cr-linear automorphism 

T .0^0 

which takes mi®V2 G Mj(8)vi/(fc) to (i){mi)®Ti{v2) G Mj+i(8)vi^(fe)K2, where M/+i := Mi. 
We view naturally :— Y[\=i (resp. ■~ Y[\=i 3^2 ) ^s a subtorus (resp. as a 
reductive, closed subgroup scheme) of GLo- We embed 7ik2 (resp. 3^2) diagonally into 
'^1X2 (resp. Si^a)- be the cocharacter of which normalizes each Mi (^w(k) -^2 

and which acts on Mi ^w{k) -^2 identified with M ^2 as H1K2 does. We consider 

the cr-linear automorphism 

(72 := TiJ,2ip) .0^0. 
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We denote also by r and their cr^-linear extensions to O. The actions of r and oi on 
cocharactcrs of 7"^^^ are the same. As C is basic, the Newton quasi-cocharacter z/ of C 
factors through (see [Va3, Cor. 2.3.2]). We consider the quasi-cocharacter of 

^\k^ which is the mean average of the orbit of 112 under integral powers of r. It factors 
through cf. property 2.3 (el). Strictly speaking we get directly this only for the 

first factor SiXj of Sikj- However, due to the circular aspect of r and of the condition 
2.3 (el), this extends automatically to all the other I — 1 factors of ^\k-2,- ^^'^ Ti 
extends the Frobenius automorphism ^2u of K2U1 the image of 1/2 in (S^^)^^ ~ Yl\=i Slca 
is such that its natural projections on are all the same and equal to the composite of v 
with the natural epimorphism ^ 3^2- ^2 factors through ■^^^(SiXa)' from the last 
sentence we get that in fact U2 factors through 7ik2 and this factorization coincides with the 
factorization of u through 7ik2- As for each -u G N we have a"2 = [(nm=i '^"^(a*2))(p)]''"") 
we easily get that all Newton polygon slopes of (0[^],cr2) are 0. Thus O is K2-generated 
by elements fixed by 0-2 . Let Oqo be the Kqo- vector subspace of O formed by such elements. 
Its dimension t equals to dimK2{0) — /rkvi/(fc) (-^)7 cf. the definitions of Kqq and r. Let 
Oq := Oqo <^Koo ^0- The torus 7ikoo is naturally a subtorus of GLoqo ^ind therefore we 
have t(Oo) C Oq- We denote also by r its restriction to Oq. 

5.2.1. Proposition. There exists a Ko-basis S = {ei, . . . , ct} of Oq and a permutation 
n 0/ {1, . . . , t} such that for all i E {1, . . . , t} we have riei) = p"'*e^(j), where rii e {0, 1} 
is 1 if and only if we have G (©i^i-^^-j) ®K2 ^2- 

Proof: For i G {1, 2, . . . , dl} and j G {0, 1} let be the i^Q-vector subspace of Oq on 
which T*(/i2) acts trivially if j = and via the inverse of the identical character of if 
3 = 1. For a function / : {1, 2, . . . , d/} ^ {0, 1} let 

ie{l,2,... ,dl} 

Let Q be the set of such functions / with Fj 7^ 0. As r*(|U2)'s commute (being cocharacters 
of 7[j^^) we have a direct sum decomposition Oq = ©/^qF/. Let 

f : Q 

be the bijection defined by the rule: f(/)(i) = f{i — 1), where /(O) := f{dl). 

Let /5 := {/ G Q\f{f) — /}. Let f = nje/,= be written as a product of disjoint 
cyclic permutations. We allow trivial cyclic permutations i.e., we have a disjoint union 

/. = 4u/° 

with the property that j G If belongs to /| if and only if fj is a non-trivial permutation. 
If i E ll, then each function / G Q such that we have fj{f) ^ / is said to be associated 
to fj. Also / G /° is said to be associated to fj. As f'^' = 1q, the order dj of the cyclic 
permutation fj divides dl. For each j G If we choose arbitrarily an element /-,■ of Q which is 
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associated to r,-. We have T'^i{Fj.) = a2^{Fj.) = Fj.. Let pFj. := {x e Fj.\a2\x) = x}. 
Let Ko{fj) be the maximal subfield of Kq such that pF^. is a (/? )-vector space. It 
contains Kqq. By reasons of dimensions we have Fj^. = pFj. ®Ka{Jj) ^o- 

For each j G /,= we choose a iiro(/j)-basis {es\s e Sj} for pF^.; we also view it as a 
i^o-basis for . For each cyclic permutation fj of length > 2 (i.e., for when we deal with 

a J G If) and for every element / G Q associated to fj but different from /j, let u{f) G N 
be the smallest number such that / = f^''^\fj) and let •= 'Yll^=i fj^^)- S®^ ^ 

Ko-basis {^TT-^jj—r"*^-^-' (cs) |s G Sj} for Fj. The expressions of nu{f),i''^ ^ consequence 

of the following iteration formula r^'^f^ = [(nm=i ^2"(a*2))(^)]c2*''^''- 

Let !B = {ei, . . . , et} be the i^o-basis for Oq obtained by putting together the chosen 
Ko-bases for Fj's with / G Q. Let tt be the unique permutation of {1, . . . , t} such that for 
all i G {1, ... ,t} we have T{ei) G KQe^(^iy From constructions we get that T{ei) = p"''e7r(i), 
where is as mentioned in the Proposition. □ 

5.2.2. End of the proof of 4.1 (b). Let Vq and V2 be the ring of integers of Kq and 
(respectively). Let Wq be the Vo-lattice of Oq generated by elements of S. Let Fq be its 
direct summand generated by elements of S n ((©-^iF^^) i®k2 ^2)- Let W2 := VFo ®Vo ^2- 
We consider an arbitrary S(A;)-submodulc of M[^] which is normalized by (j). Let 

W2 := 1^2 n (©^=1"^ ®B{k) K2)] it is a V2-niodule which is a direct summand of W2 left 
invariant by r. As in Mazur theorem of [Ka, Thm. 1.4.1] we get that the Newton polygon 
of I copies of (*, (f)) is below the Hodge polygon of {W2, W2 n (Fq ©vb ^2))- But this Hodge 
polygon coincides with the Hodge polygon of I copies oi{if,(l),{if®B{k) -^^2) HF^^). Thus 
the Newton polygon of {ir, 0) is below the Hodge polygon of (*, 0, {ir ®B{k) -^2) H F^^). 
Therefore the filtered module (M[^], 0, F^^) over is weakly admissible. Thus Theorem 
4.1 (b) holds. ' □ 

5.3. Proof of 4.1 (c). We begin the proof of Theorem 4.1 (c) with some etale consider- 
ations. To prove Theorem 4.1 (c) we can assume that there exists an F-pair {7iB(k)i fJ'i) 
of C which is plus admissible. Let Tiq^, K2 and F^^ be as in Definitions 2.3 (b), (d), and 
(h). The torus Z^{Sqp) is naturally a subtorus of Tiq^. The triple (M[^], F^^) is an 
admissible filtered module. Let Mq^, CGq^, p, W, £, and {vct)ae3 be as in Subsubsec- 
tions 2.4.5 and 2.4.6. Asp>3, from [Br, Cor. 5.3.3] we get that the Galois representation 
p : Gal(i^2) GL"iv is associated to an isogeny class of 7?-divisible groups over the ring of 
integers V2 of ^2- Let di '■= Lie(TiQp). For a E di let ta := a. To prove Theorem 4.1 (c) 
we can assume that 

(7) dndi= Lie(Z°(SQj) C Lie(TiQj 

and that for each a G d di the two definitions of ta define the same tensor of T(M[^]). 
Let 32 '■= 3^3i- Let Sq^ be the subgroup of GLw that fixes Va for all a G it is an inner 
form of Sqp- As p factors through Sq (Qp), by enlarging 3 we can assume that there exists 
a subset ^3 of 3 such that CGq^ is the subgroup of GLmq^ that fixes for all a G J3. 



33 



The image of £ in H^{Qp,CGq^) is the trivial class, cf. Subsubsection 2.4.5. Thus 
there exists a Qp-linear isomorphism 

that takes ta to Va for all a E ds- We use it to identify naturally = Sq (this is 
possible as CGq^ normalizes Sq^)- Let Sz be the Zariski closure of Sq in ^ '■= Z{Mzp)', 
we identify it with Szp- 

5.3.1. Crystalline considerations. We now apply the crystalline machinery of [Fa] 
and [Val, Subsection 5.2] to show first that [C] e P5Z'^^"^(y(J)). Let K3 be a finite field 
extension of K2 such that p{Gal{K3)) normalizes L and its ramification index e is at least 
2. Let be the p-di visible group over defined by the representation 

pi : Gal(K3) ^ GL£. 

induced naturally by p. It extends to a p-divisible group Dy^ over the ring of integers V3 of 
(cf. the isogeny class part of the first paragraph of Subsection 5.3) and this extension 
is unique (cf. [Tal]). 

We use the notations of Subsection 2.7. To avoid extra notations, (by performing 
the operation Di) we can assume that the residue field of is k. We fix a uniformizer 
TTs of V3. Let Re -» V3 be a VF(/c)-epimorphism defined by tts, cf. Fact 2.7.1. Let 

be the Dieudonne F-crystal over Re/pRe of Dv^ Xspec(V3) Spec(V3/pV3) (see the proof of 
Theorem 3.5). 

Let B'^{Vs) be the crystalline Fontaine ring of V3 as defined in [Fa]. We recall that 

B~^{Vs) is an integral, local T4^(/c) -algebra which is endowed with a decreasing, exhaustive, 
and separated filtration {F'^{B^{W{k)))i^^u^oj, with a Frobenius lift 5^, and with a natural 
Galois action by Ga^i^s). Moreover we have a natural M^(/c)-epimorphism compatible with 
the natural Galois actions by Ga^Ka) 



where V3 is the p-adic completion of the normalization V3 of V3 in B{k). We refer to loc. 
cit. for the natural VF(/c)-monomorphism Re ^ i?+(V3) which respects the Frobenius lifts 
(and which is associated to the uniformizer 773). We apply Fontaine comparison theory to 
-Dyg (see loc. cit. and [Val, Subsection 5.2]). We get a 5"'"(V3)-monomorphism 

z^,3 : M^^ B+iV^) ^ L B+iV^) 

which has the following two properties: 

(a) It respects the tensor product filtrations (the filtration of L is defined by: 
Fi(£) = Oand F^{L) = L). 
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(b) It respects the Galois actions (the Galois action on M^^ (8)^^ B'^iVz) is defined 
naturally via sy^ and the fact that Ker(sv'3) has a natural divided power structure). 

The existence of ^ and our hypothesis on the subset 3o of 3 implies that the family of 
tensors (3(^a))aeao '^i^) Zp-very well position for S'zp- For a ^ 3o (resp. ct G ^2 \ 3o) 
let Uoi G T(M^g) (resp. Ua G 7{Mj^^[^])) be the tensor that corresponds to 5(ta) via iov^^ 
cf. [Fa, Cor. 9] and the fact that the family of tensors {Z{tce)cee3o) °f partial degrees at 
most p — 2. As in [Val, Subsubsections 5.2.12 to 5.2.17] we argue that the Zariski closure 
in GLm^i^ of the closed subgroup scheme of GL^^ ji j that fixes Ua for all a e J, is a 
reductive subgroup scheme. 

The tensorization of {Mp^^^l^], (pMj^J with the natural epimorphism Re[^] B{k) 
that takes X to 0, is the F-isocrystal of D (cf. the very definition of Dy^) and thus it is is 
canonically isomorphic to (M[^], (^). Under the resulting identification (M^g[i], </'M^^)®^e 
B{k) = (M[i],(/)), Ua is identified with ta for all a G ^3 U 3i- This implies that under 
the identification (6), gets identified with for all ct G U Ji. In particular, we get 
that there exists a maximal torus of S^e[i] whose Lie algebra is ^e[^]-generated by those 

Ua, with a & 3i (i-e., which corresponds to the maximal torus 7iB(k) of 9iB{k) via the 
identification (6)). 

Due to the existence of the cocharacter ^1X2 '■ 7ik2 that acts on F^^ via the 

inverse of the identical character of G^, as in [Val, Subsubsection 5.3.1 and Lem. 5.3.2] 
we argue that there exists a cocharacter /x^^ : Gm S^e such that the following two 
properties hold: 

(c) there exists a direct sum decomposition M^^ = F^^ © F^^ such that F^^ lifts the 
Hodge filtration Fy^ of M^^ V3 defined by Dy^ and for each i G {0, 1}, every element 
P G GmiRe) acts on through fj,^^ as the multiplication with 

(d) H1K3 and the pull back of p,^^ to a cocharacter of Sks = Sks are SxaiKs)- 
conjugate (the identification Sks = Sks used here is the one defined naturally by the 
tensorization of (6) with K3 over i?e[^]). 

Let (Ml, Fl, Si,//) := (M^^, F^^, 9^^,11^^ ©^^^ W{k). We have two identifications 
Mi[i] = M[j;] and SiB(fc) = 9B(fc) and moreover the pair (Mi,0) is a Dieudonne module. 
As (f)Mj^^{M^^ + ^F^J = Mj^^, the cocharacter /i is a Hodge cocharacter of (Mi,0, Si)- 
Thus (Ml, Fi , 0, Si) is a Shimura filtered F-crystal over k. Moreover the triple 

is a ramified lift of (Mi, ^, Si) to V3. It is of CM type, cf. the existence of the maximal 
torus Tj^^gji] of S^e[i]- Let h G GLm(-B(/c)) be such that we have h{M) = Mi. Due 

to the property (d), it is easy to see that there exists an element h G S(-S(/c)) such 
that we have Fl = h{F^[^]) fl Mi. Therefore we have h G ^(C) as well as an identity 

(Ml, (J), Si) = (/i(M), (/), 9{h)). Ashe *P(e) and as (M^^, F^^,(t)M^ , SrJ is a ramified lift 
of (Mi,0,Si) = (/i(M),0,S(/i)) to V3 of CM type, we have [6] e PSZ'^'^Q^iT)). Thus 
the first part of Theorem 4.1 (c) holds. 
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5.3.2. End of the proof. To end the proof of Theorem 4.1 (c) we have to show that 

if S = -^Ci(S) (resp. if Z^{S) = Z^{Ci) and £ is the trivial class), then we can can 
choose Z : Mq^ such that there exists an element h G Q{B{k)) with the property 

that h{M) — Ml. The below arguments will not rely on the way we constructed Mi; they 
will only use the fact that the Zariski closure Si of SB(fc) in GLmi is a reductive group 
scheme over W{k). Under the identification (6) we have ta = Ua for all a G ds (resp. we 
can assume that we have = Uq, for all a G ^J, as we can choose 3 such that we have 
5(ia) = Va for all a E 3)- The Lie algebra Lie(C) is the Lie algebra defined by a semisimple 
W^(/c)-subalgebra S of End(M). Let Sz^ := {s G S\(j){s) = s}. We have S = Sz^ W{k), 
cf Theorem 2.4.2 (a). We can assume that there exists a subset 04 of d such that 
{ta\a E Sa} = Sz ■ Let Siz be the semisimple Zp-subalgebra of End(Mi) that corresponds 
to Z{Sz ) via Fontaine comparison theory. The group CGq normalizes the group scheme 
Cq of invertible elements of Sq (the notations match i.e., the extension of Cq to B{k) 
is the generic fibre of C). As the image of 2, in H^{Qp,CGq^) is the trivial class, from 
the previous sentence we get that we can identify naturally = 'S'iZp[^] =: Sq^. The 

abstract groups H and Hi of invertible elements of Sz^ and respectively SiZp are two 
(resp. are the same) hyperspecial subgroups (resp. subgroup) of the group Cq^. Thus 
there exists an element c G Cq^{Qp) such that cHc~^ = Hi, cf [Ti2, Subsection 1.10] and 
the fact that the group Cq^{Qp) surjects onto Cq^(Qp) (resp. for c := lM[i] ^ C'Qp(Qp) 

we have cHc~^ — Hi). 

By replacing {Mi,(j)) with {c~^{Mi).,c~^(j)c) = {c~^{Mi), (f)) we can assume that 
= SiZp- The map Szp Szp which takes ta to for a G is an automorphism 
of Sz and thus by performing a similar replacement defined this time by an element 
ci G H{Zp) (resp. by ci = 1m) we can assume that we have ta = Ua for all a G ^4. But 
the subgroup of GL^jij that fixes ta for all ck G ^3 U ^4 (resp. for all ck G 0) is 9B{k)j cf. 
the identity S = -^Ci(S) (resp. cf. the definition of J). Thus we can assume that we have 
ta = Ua for all a & d- In particular, we get that Mi is a C-module. 

The existence of the element h G S(-B(A;)) is expressed in terms of a right torsor 
of S being trivial. As 9 is smooth, we can work with the fiat topology instead of the 
etale topology of Spec(VF(/c)). Thus to show the existence of the element h G S{B{k)) we 
can tensor M and Mi over W{k) with V{k), where V{k) is an arbitrary finite, discrete 
valuation ring extension of W(k). Thus as the hyperspecial subgroups SiW{k)) and {g G 
9iB{k))\g{Mi ®w{k) W{k)) = Ml ®w{k) W{k)} of ^{B{k)) are T''{B{k))-con]ng^ie (see 
[Ti2, p. 47]) and as each element of ^^'^{B{k)) is the image in S^'^(^(/^) [^]) of some 
element of S(^(^)[^]) for a suitable choice of V{k), by replacing W{k) with V(k) we 
can assume that these two hyperspecial subgroups are equal. The reason we deal with a 
discrete valuation ring V{k) whose residue field is k and not k is that we want to pass from 
inclusions of hyperspecial subgroups to closed monomorphisms between reductive group 
schemes and this is possible in general only if we have residue fields which are infinite (see 
[Val, Prop. 3.1.2.1 a) and b)]). Thus to show the existence of the element h G %{B{k)) 
we can assume that Sv(fc) is a closed subgroup scheme of GL j^^^^ ^^^y Q;,y 

Let TG be the reductive, closed subgroup scheme of GLm generated by S and by 
a maximal torus of C. By performing Oi we can assume that TG is split. Thus we can 
write M = ®ig/gO* as a direct sum of absolutely irreducible TG-modules. For i E I3 
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the representation pki of CGk on O'^ /pO'^ is absolutely irreducible, cf. proof of Theorem 
2.4.2 (b). Moreover, if ii, ^2 ^ -^g are two distinct elements, then p^ii and pjti2 are 
unequivalent representations of TG^. Thus as TG(y{k)) normalizes both M ®w(k) ^(^) 
and Ml ®w{k) ^(^); we have 

Ml ®w{k) V{k) = c{M ^w{k) V{k)), 

where c G Hie/g ^ i^^o*){V acts on <8)vF(fe) V{k) by multiplication with T^y^^^^'-, 
here e Z and Tr^j-j^;-) is a fixed uniformizer of V^(^). As Cyg^-^ normalizes both M ®w{k) 
V{k) and Mi ®vF(fc) "^(^), 

we have ?7.jj^ — for all elements zi,Z2 £ /g such that 
the representations of S on 0*^ and O*^ are isomorphic. Thus c e Z°(Ci)(y(^)[^]) C 
Z°(g)(y(^)[J]). Thus the desired element h e 9{B{k)) exists. This ends the proof of 
Theorem 4.1 (c). □ 

5.3.3. Simple facts and variants, (a) We assume that we have a principal bilinear 
quasi-polarization Am : ®w(A:) M W{k) of C. Then Z{Xm) '■ ^ ®Zp Zp gives birth 
via Fontaine comparison theory to a principal bilinear quasi-polarization of (Mi, (p). 

Let Sq^, DGq^, DGq^, and 2,^ be as in Subsubsection 2.4.7. If the image of £ in 
i7^(Qp, DGq^) is the trivial class, then in Subsubsection 5.3.1 we can choose ^ such that 
we have Ami e G^(Qp)Am- If the image of £° in H^{Qp, DGq ) is the trivial class, then 
we can choose 5 such that in fact wc have Am = Ami • 

Moreover, we have [(C, Am)] £ Zi^^J , Am)), provided we also assume that 2^ is the 
trivial class and Z°(9) = Z°(Ci(Am)°)- Argument: with the notations of Theorem 2.4.2 
(c) we only have to add that as Am defines perfect bilinear forms on both M and Mi, in 
the end of Subsubsection 5.3.2 we have c e Z°(Ci(Am)°)(^(^)[^]) C ^°(g)(F(^)[^]) and 
in fact c fixes Am- 

(b) We refer to Subsubsection 5.3.1. Each element of End(M[^]) fixed by (/> and 
7\B{k) defines an endomorphism of (M[i], F^^) and therefore a Qp-endomorphism of 
Dvo,- Thus the homomorphism of Subsubsection 5.3.1 factors through the group of Zp- 
valued points of the Zariski closure in GL^, of the subtorus of Sq^ that fixes the Qp-etale 
realizations of the Qp-endomorphisms of Dy^ that correspond to those with a e Ji. 
Therefore Dy^ is with complex multiplication. 

6. Proof of Basic Theorem 4.2 

In this Section we prove Theorem 4.2. Let (M^^, Szp, (^a)aea) be the Zp structure of 
(M, 0, S, (tQ:)aea)5 cf- Subsection 2.4. Each simple factor of is of the form Res/,Q/]FpS°(,, 
where k^ is a finite field and 3°^ is an absolutely simple, adjoint group over k^ (cf. [Til, 
Prop. 3.1.2]). Thus each simple factor of Sf^ is of the form Res^(jt,|)/ZpS*', where S*^ is an 
absolutely simple, adjoint group over Wik^) whose special fibre is (cf. [DG, Vol. Ill, 
Exp. XXIII, Prop. 1.21]). Until Section 8 we will assume that each such group scheme S° 
is of Cn, or Dn Dynkin type. 

By performing the operation Oi we can assume that S is split. Thus the field k 
contains each such field ko. We assume that there exists a maximal torus 7iB(k) of SB(fc) 
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of Qp-endomorphisms of C. Let Tiq^, K, Ki, and K2 be as in Definition 2.3 (c). Until 
Section 8 we will also assume that L^iff)) is a Levi subgroup scheme of P^{4)) and that 
/i : Qrn S factors through a maximal torus T of L%^{(t>) contained in a Borel subgroup 
scheme B of IP, cf. Subsection 2.6. Let L%^{(^)i^ be the Zp structure of Lg{(f)) obtained as 
in Subsection 2.4. It is a reductive, closed subgroup scheme of Szp which is the centralizer 
of the rank 1 split torus of Szj, whose extension to B{k) is the image of the Newton 
cocharacter of C, cf. Fact 2.6.1. In Subsection 6.1 we include some reduction steps. In 
Subsection 6.2 we include few simple properties. In Subsection 6.3 (resp. Subsection 6.4) 
we deal with the cases related to Shimura varieties of Bn and (resp. Cn and D^) type. 
The proof of Theorem 4.2 ends in Subsection 6.5. 

6.1. Some reductions and notations. Let fj,^'^ : be the composite of the 

cocharacter n : Gm — ^ S with the natural epimorphism 9 9^'^- As S is split, each 
cocharacter of Sf^^ "^^ich is S'^'^(-f^2)-conjugate to A*^2' ^^^^^ uniquely to a cocharacter of 
which is (-f^2)-conjugate to /x^j- Below we will consider only E'-pairs of C which 
are as in Example 2.3.1. Thus based on the last two sentences, on Subsubsection 2.4.8, and 
on the fact that the statements 4.2 (a) and (b) pertain only to images in suitable 
products of cocharacters of that factor through Ti^a, to prove Theorem 4.2 we can 
assume that the adjoint group scheme S|'^ is Zp-simple and that the cocharacter fxj^^ is 

non-trivial. Thus 9^ — R'esvK(feo)/ZpS'^- If 9^ is of Dynkin type, then it splits over 
W{ko2)-, where ko2 is the quadratic extension of ko (cf. [Sel, Cor. 2 of p. 182]). 
Let m e N be such that ko := Fpm. We write 

m 

where Si is a split, absolutely simple, adjoint group scheme over W{k) and the numbering 
of Si's is such that we have 0(Lie(Si[^])) = Li6(Si-i-i[^]) for all z e {1, . . . ,m}. Here and in 
all that follows the left lower or upper index m+l has the same role as 1 (thus Sm+i := Si, 

etc.). Let S* be the semisimple, normal, closed subgroup scheme of S*^^^ which is naturally 
isogenous to Si- We view the isomorphism (2) of Subsubsection 2.4.1 as an identification 
and therefore we can write (p = g{lMzp ® cr)|U(^), where g G 9{W{k)) (to be compared 
with Subsubsection 2.4.8). Let g''^'^ e 9'"^{W{k)) be the image of g. For ct e Q let Da be 
the central division algebra over B{ko) of invariant a. 

6.1.1. Fact. To prove the Theorem 4-^ we can also assume that we have a direct sum 
decomposition 

M = 

into 9-'modules such that the following two conditions hold: 

(i) if i G {1, . . . , m} and j G {1, . . . , i — 1, i + 1, . . . , m}, then Mi has no trivial 
9i-submodule and Mj is a trivial 9^ - fnodule; 

(ii) we have an identity Z{9) = Ili^i where each is a torus of GLm that acts 
trivially on ®j^{\,...,i-\,i+i,...,m}Mj. 
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Proof: The arguments for this Fact are the same as the ones of the proof of [Val, Thm. 
6.5.1.1 or Subsubsection 6.6.5] but much simpler as we are over Zp and not over Z(p) and 
as we do not have to bother about quasi-polarizations or Hodge Q-structures. We recall 
the essence of loc. cit. 

We first assume that S° is of Bn Lie type. Thus S° is split. We consider the spin 
faithful representation 3°^^^ ^ GLmq over W{ko). Let GSpin be the closed subgroup 
scheme of GLmo generated by S°^*^ and Z(GLmo)- Let S'l '■= ResH'(A:o)/ZpGSpin. We 
consider its faithful representation on , where is Mq but viewed as a Zp-module. 
We identify naturally = gg^. Let M' := M^^ W{k). Let S' := S'^^^^. We 
have a unique direct sum decomposition M' — ®'^iM- of S'-modules which are also 
W{ko) Vr(/c)-modules. Let g' e 9'{W{k)) be such that its image in g'^d(VF(fc)) is t/^'^. 
Let iJ,' be a cocharacter of S' such that the cocharacter of Q'^^ = it defines naturally 
is //^^ and the triple C := {M',g'{l']^^ (8) a)iJ,'{^), S') is a Shimura F-crystal over k. Let 

"^iBik) ^® maximal torus of 9'B(k) whose image in ^Efk) same as of 7iB(k)'i it is 

a maximal torus of ^'^(k) Qp-endomorphisms of C. Thus & is semisimple, cf. Fact 3.1 
(b). Let fi'i be the cocharacter of which over K2 is g'(i^2)-conjugate to fi'j^^ and such 
that it defines the same cocharacter of S'kI = as ni. The i?-pair ('^1^(^)5 A*'i) of 
satisfies the € condition if and only if the £'-pair ('J'iB(fc)) A*i) of C satisfies the C condition. 
Similarly, TT$H holds for & if and only if it holds for C. Thus to prove Theorem 4.2 for 
the case when 3° is of Bn Lie type, we can replace C by C. As the two conditions (i) and 
(ii) obviously hold if C is C, the Fact holds if 3° is of B^ Lie type. 

If is of either Cn or Dn Dynkin type, we will only list the modifications required 
to be performed to the previous paragraph. If 3° is of Cn Lie type, then the spin repre- 
sentation has to be replaced by the standard rank 2n faithful representation 3°^° ^ GLmq 
over W{ko). If 3° is of Dynkin type, then we have two disjoint subcases (related to 
Shimura varieties of and respectively of type). The second case can be defined 
rigurously by the following two properties: 

(iii.a) the adjoint group scheme of the centralizer of fj,^"^ in 3^*^ is a product of split, 
simple groups of either Dn or -D^-i Lie type; 

(iii.b) if ?i = 4, then for each z G {1, . . . , m} the non-trivial images of the cocharac- 
ters : Gm 3 with s e Z in 3i are 3i(W^(A;))-conjugate. 

In the first subcase the spin representation has to be replaced by the standard rank 2n 
faithful representation 3^ ^ GL^o over W{ko). Here 3^ is an isogeny cover of 3° for 
which such a representation is possible; its existence is implied by the fact that 3^ splits 
over W{ko2). If n > 4, then 3"^ is unique. If n = 4, then we choose 3"^ such that the 
construction of /i' is possible (we have only one choice for 3"^, due to the fact that the 
two subcases arc disjoint). The second subcase is in essence the same as the previous 
paragraph (the only difference being that 3*^'^'^ is not necessarily split; however, as it splits 
over W{ko2), its splin representation is well defined over W{ko)). □ 

6.2. Simple properties. We first consider the case when L^{(f)) is a torus (i.e., we have 
L^(0) = T). Thus we have 7iB{k) = ^B(fe) and Ki C B{k). Let n e Gal(Ki/Qp) be 
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the restriction of a to Ki. The £^-triple //^(fc), ti) satisfies the condition 2.3 (el) 

and is obviously admissible. Thus Theorem 4.2 holds if is a torus. From now on 

until Section 7 we will assume that -^^g(^) is not a torus (i.e., we have i^g(^) 7^ 7). Let 
Lq be the Qp-form of -^^e|(0)B(fc) with respect to (M[i], 0). The tori Z^{^q^) and Tiq^^ are 
subtori of Lq. We have a direct sum decomposition 

m 

(8) Lie(Lo) S(A)o) = Lie(ZO(Lo)) S(/co) L],, 

i=l 

where := (Lie(LQ'^'') -B(fco)) Lie(SiB(fc))- Each is a semisimple Lie algebra and 
thus it is also the Lie algebra of a semisimple group Lq over B{kQ). Moreover, we have 
<P{Lq) = L}^^. Based on this and (8) we get that each p-adic field over which Lq splits 
must contain B{ko). Therefore B{kQ) C Ki. 

6.2.1. Lemma. We assume thatp>3. Let Hi :— Gal{Ki/Qp) . Let Hq be a subgroup of 
Hi :— Gal{Ki/B{ko)) of even index. If m is odd, then there exists an element ti e Hi 
such that the following two conditions hold: 

(i) all orbits under t{" of the left translation action of Hi on Hi/Hq have an even 
number of elements; 

(ii) the action of ti on the residue field li of Ki is the Frobenius automorphism of 
li whose fixed field is Fp. 

Proof: For s G N U {0} let His be the s-th ramification group of Hi. Thus Hi — Hiq, 
Hi/Hii is cyclic, and the subgroup H12 of Hi is normal and (as p>3) has odd order. By 
replacing Hi with H1/H12, we can assume that H12 = {Iki}- Thus Hn is a subgroup 
of Gmih) and therefore it is cyclic. By replacing Hi with its quotient through a normal 
subgroup of Hii of odd order, we can assume that Hn is of order 2* for some t G N U {0}. 
The case t = is trivial and therefore we can assume that t>l. Let Hqi be the image 
of Hq in Hi/Hii and let a be its index in Hi/Hn. If a is even, then the condition (i) is 
implied by (ii) and therefore we can choose any element ti G Hi for which the condition 
(ii) holds. If a is odd, then by replacing Hi with its quotient through the subgroup of 
Hii of order 2*~^ we can assume that t = 1. Thus Hn has order 2. As Hn is a normal 
subgroup of Hi of order 2, it is included in the center of Hi. Thus Hi is either cyclic 
or isomorphic to Hn x Hi/Hu. If Hi is cyclic, then we can take ti G Hi such that it 
generates Hi and the condition (ii) holds. If Hi is isomorphic to Hn x Hi/Hn, then we 
can take ti = (rii,ri2) such that th G Hu and T12 G Hi/Hn generate these groups and 
the condition (ii) holds. In both cases the condition (i) also holds. □ 

6.2.2. Factors. Let be the set of those elements i G {1, . . . , m} for which the image 
of //^'^ : 5'"^ in Si is non-trivial. Let 971 := {1, . . . , m} \ 9T. Hi (resp. i G DT), 
then Si is called a non-compact (resp. compact) factor of S^'^ with respect to fx^'^. As /i^'^ 
is non-trivial, the set is non-empty. To simplify notations we will assume that 1 G 91. 
Let V be the number of elements of We will choose the cocharacter fj, : Gm — > S such 
that Gm acts via fj, trivially on Mi for all i G Wl. 
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6.3. Case 1. Until Subsection 6.4 we will assume that S is of either or Dynkin 

type and that S'^'^^ is simply connected (under these assumptions, one can assume that the 
representation of on Mi is the spin representation). Let 9^ be an isogeny such 

that is the SO group scheme of a quadratic form on a free VF(/co)-niodule Oq of rank 
r. Here r is either 2n+l or 2n depending on the fact that S° is of Bn or D„ Dynkin type. 
Let S := (Resw(^jf^yZp9^^) XZp W{k); it is a semisimple group scheme over W{k) whose 
adjoint group scheme is 9^'^. Let /io : Gm — >^ S be the unique cocharactcr that lifts /i^*^. 
Let S0(0„6,) := 3°^ 

Xw{ko) where the Zp-embedding VF(/co) — > W{k) is the same 

as the one that defines Si = >^w{ko) W{k). We have S = YYiLi^^i^i^ ^i)- have an 
identification Oq W{k) = ©^lOj of W{ko) M^(/c)-modules. For i e {I, . . . ,m}, 
let Wi := Oi ®w{k) K2- 

Let !Bj := {e^, . . . , e*} be a i^'2-basis for Wj such that the following two conditions 

hold: 

(i) if a, 6 e {1, • • • , t} with a < b, then the value of ^^(e^, e^) is or 1 depending on 
the fact that the pair (a, b) belongs or not to the set {(1, 2), . . . , (2n — 1, 2n)}; 

(ii) the torus 7ik2 normalizes each K2e\. 

The natural action of Gal(K'2/Qp) on cocharacters of Tik^ defines naturally an action 
of Gal(i^2/Qp) on S := U^^CBi. For ★ G Gal(i^2/Qp), let tt* be the permutation of S 
defined by For each z G {1, . . . ,?ti}, the set is normalized by Gal(i^2/-S(fco))- 

If there exists an element ^fo G S(VF(A;)) whose image in S^'^iWik)) is g^"^, then 
00 := fi'o(10o ® cr)A*(~) is a cr-linear automorphism of Oq B{k). By a natural passage 
to k we can always assume that such an element exists, cf. [Va3, Fact 2.6.3]. 

Let ToB(fe) be the maximal subtorus of ^B{k) whose image in S^^^^ = ^^^{k) '^^ 
%B{k) •= Ini(^iB(/c) S^(k))- Let ToQj, be the Qp-form of ToB(fc) with respect to 
{Oq ®Zp B(k),(f)Q (T^,); it is a form of 7QB{k) whose Lie algebra is {x e Lie(ToB(fc)) = 
Lie(TQ^|.^-j)|0(x) = x}. Let Tqq^ be the Qp-form of T'QB[k) which is the quotient of Toq^ 
by its finite subgroup whose extension to B{k) is 7QB{k) H ■^(SB(fc))- 

Until Subsubsection 6.3.4 we will assume that C is basic. Thus i^g(</>) = S and 
therefore Lq is a Qp-form of SB(fc)- To show that there exists an £^-pair {7iB{k)i l^i) of C 
as in Example 2.3.1, we first prove the following Lemma. 

6.3.1. Lemma. We recall that C is basic. The action of Gal{K2/ B{ko)) on 'Bi has an 
orbit that contains {e^a^-i-, ^2ai} f^""" some element ai e {1, . . . 

Proof: In this proof by orbit we mean an orbit of the action of Gal(ii'2/-B(A;o)) on !Bi. 
Suppose there exists an orbit o\ whose elements are pairwise perpendicular with respect to 
bi. To fix the notations, we can assume that there exists a e {1, n} such that 62^-1 G oi. 
Let 02 be the orbit that contains e\^. The orbit decomposition of corresponds to a 
direct sum decomposition of Oi[i] in minimal i?(/c)-vector subspaces normalized by 'JiB{k) 
and, in the case when the element qq exists, by (f)^ . Let Oi,i and Oi,2 be the B{k)- 
vector subspaces of Oi[-] that correspond to oi and 02 (respectively). The intersection 
Lq n (End(Oi^i © 01,2)) ®B{k) B{k)) is the Lie algebra of a split semisimple group of Dg 
Lie type over B{kQ), where s is the number of elements of oi. Argument: we can assume 
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that the element go e S{W{k)) exists and thus the statement is an easy consequence of 
the fact that (as C is basic) aU Newton polygon slopes of (Oi,s[^] ®B(feo) B{k), (0o ® crfe)"^) 
are (here s G {1,2}). 

Thus if the Lemma does not hold, then Lq split torus of rank n and therefore it 
is a split group over B{ko). Thus to prove the Lemma we only have to show that the 
semisimple group Lq is non-split. This is a rational statement. Thus to check it, based on 
[Va3, Thm. 1.3.3 and Subsection 2.5] we can assume that (^(Lie(T)) — Lie(T) and (in order 
to use the above notations on S^'s) that T^^^jt) = '^B{k)- Thus K2 = B{k) and the actions 
of TTfjf and (p on cocharacters of T coincide. We can also assume that fiQ : S fixes 

ei if either i e Tt or a>3. Let gi e A^g(T)(W^(/c)) be such that gi(p{Ue{B)) C Lie(S), 
cf. [Va3, Subsection 2.5]. Let wi e iVg(T)(W"(/c)) be such that its image in 9^'^{W{k)) 
belongs to 9i{W{k)) and takes the image of B in 9i to its opposite with respect to the 
image of T in Si. As S'^^^ is simply connected of either B^ or Dynkin type, Wi takes the 
cocharacter of Si defined by n^'^ to its inverse. Thus the Shimura F-crystal (M, wigicj), S) 
over k is basic (to be compared with [Va3, Cases 1 and 2 of Subsubsection 4.2.2]). Thus 
based on [Va3, Prop. 2.7.1] we can assume that wigi = 1m and therefore that: 

(iii) TT^ restricted to Si fixes for a>3 and permutes el and e^- 

Thus the group Lq has a split torus Tl.^_i of rank n — 1: it is the torus of S that 
fixes Ci and and that normalizes B{ko)e^ for each a e {3, . . . ,r}. The centralizer of 
^i;n-i ^0 ^ non-split torus, cf. property (iii). Thus the group Lq is non-split. □ 

6.3.2. The choice of yni for the basic context. Let ai be as in Lemma 6.3.1. Let o 
be the orbit of e\^^_-^ under Gal(K2/Qp). For i e 9T\ {1} let G {1, . . . , n} be such that 

{^2ai-i5 ^2ai} — Let : 'Gm ^ t>e the cocharacter that fixes all e^'s except those 
of the form e|„._i_,_y, where i G 91 and u G {0,1}, and that acts as the identical (resp. 
as the inverse of the identical) character of on each K2e\^. (resp. K2e2a^_i) with 
z G 91. To define the cocharacter jjLi : Gm — > 7iKi it is enough to define the cocharacter 
A*iK2 • '^m '^iK2- Let H1K2 '■ '^m '^iK2 be the unique cocharacter such that the 
cocharacter of Sk2 (^^sp. of 9^^) it defines naturally is the composite of ^2 with the 
isogeny ~^ (^^sp. is the one defined by hk2)- As {e|„._i, el^.} C o, the product 
of the cocharacters of 7ik2 that belong to the Gal(i^2/Qp)-orbit of ij,ik2 factors through 
Z^{9k2)- Thus the £^-pair (TiB(fe),/ii) of C satisfies the € condition, cf. Example 2.3.1. 

6.3.3. Remark. If m is odd and the action of Gal(i^2/-B(^o)) on Si has only one orbit, 
then it is easy to check based on Lemma 6.2.1 that there exists an E-pair {7iB{k)^ l^i) of 
C that satisfies the cyclic € condition. 

6.3.4. The non-basic context. Until the end of Case 1 we will assume that C is 
non-basic. We use the previous notations of Subsection 6.3. Let 7^B{k) subtorus 
of ToB(fc) whose image in S^j-^) is the same as the image of (L ^ {(/))) ^(k)- As Lg((/))zp 
is the centralizer in Szp of a rank 1 split torus (see beginning of Section 6), the group 
Css(fc)(^B(fc)) is a product 

(9) \{\{80{0,,M,j). 
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where = ^^J^Oij is the minimal direct sum decomposition normahzed by T^^f^j^-^ 

and bij is the restriction of bi to Oi_j. We emphasize that m/ G N does not depend on 
i and that, in the case when bij = 0, we define SO{Oij,bij) :— GLq. ^. . We choose the 
indices such that we have (f){End{Oij)) — End{Oi+ij). 

We define a cocharacter 112 '■ Gm that factors through T0K2 ^ follows. Let 

j e {!,••• 5 TO/}- We first assume that bij 7^ 0. If Gm acts via /iq trivially (resp. non- 
trivially) on (B^LiOij, then wc define the action of Gm via on Oij ®B{k) K2 to be trivial 
(resp. to be obtained as in Subsubsection 6.3.2 but working with (Bi^iOi j instead of with 

Until Case 2 we assume that bij = 0. Let j G {1, . . . , m/}\{j} be the unique element 
such that j is not perpendicular on Oij with respect to b^. Let oi, . . . , be the orbits 

of the action of Gal{K2/Qp) on S n (©^lO^^j) ®B{k) -^2- Let dj := dimB(k)iOij). Let 
S^j (resp. S-j) be the set of those elements z G 9^ with the property that fxo acts via 
the inverse of the identical (resp. via the identical) character of Gm on a non-zero element 
of Oij. Let c+j (resp. C-j) be the number of elements of S+j (resp. of S-j). We have 
S+j (^S-j = as otherwise bij 7^ 0. Thus c+j + C-j < v (see Subsubsection 6.2.2 for v). 

Let pj G Z and qj G N be such that g.c.d.{pj, qj) = 1 and {c+j — C-j)qj = djPj. If 
the clement qq G S{W{k)) exits, then the only Newton polygon slope of (O^^j, ^q') is ^ and 

therefore qj divides dj. Thus the i?(A;o)-subalgebra {x G End{Oij)® B{k) B{k)\{(/}®a'^ (x) = 
x} is (isomorphic to) M^. /„ . (!Dpj ), cf. Dieudonne classification of F-crystals over k (see 

[Ma, Section 2]; we recall that after ge to k we can assume that the element 

go G S{W{k)) exists). Thus for each / G (1,... ,s} there exists e; G N such that the 
number of elements of oi fl !Bi is qjCi. We have qji^i^i ei) — dj. For each Z G {1, . . . , s} 
we choose numbers c^-, c[~^ G NU {0} such that the following three relations hold: 

(ii) Tfi=i4,j = c+j; 

For instance, if pj > we can choose c^ j = ■ ■ ■ = c~_i j = and c"^ = C-j, the 
numbers c^^ 's being now determined uniquely by the relation (i). We define the action of 
Gm via //2 on {Oij ® j) ®B(k) K2 as follows. Let Z G {1, . . . , s}. Let z G {1, . . . , m} and 
a G {1, . . . , r} be such that e\ & oi. The action of Gm via 112 on K2e\ is: 

(iv) via the identical character of Gm if o is the smallest number in {1, . . . ,r} such 
that e\ G oi and i is the sf" number in where G {1 + c"^-, • • • , Z^L^i c"^}; 

(v) via the inverse of the identical character of Gm if a is the smallest number 
in {1,... ,r} such that e\ G oi and z is the sf^ number in /S+j, where Sj G {1 + 

(vi) trivial otherwise. 

The action of Gm via ji2 on a ^2- vector subspace K2e\ of is defined uniquely 
by the requirement that ^2 factors through the image of Tqetj in GL(o. .QO^ ^)®B(k)Ki- 
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Due to the relation (i) the product of the cocharacters of T0K2 of the orbit un- 
der Gal(ii'2/Qp) of the factorization of /i2 through T0K2 gives birth to a cocharacter of 
GL(0,.,®o,_.)®s{fc)i^2 that factors through Z(GLo. .^^^^^kJ ^k^ Z(GLo^ .^^(.jkJ. Thus 
choosing /xi as in Subsubsection 6.3.2 we get that the product of the cocharacters of Tikj 
which belong to the orbit under Gal(K2/Qp) of /iiKa factors through Z'^ K2) ^ cf. 
(9). Thus the £?-pair {T\B{k)i l^i) of {M^(j)^L%^{(f))) satisfies the € condition, cf. Example 
2.3.1. 

6.4. Case 2. Until Subsection 6.5 we assume that S*^ is of Cn or Dn Dynkin type, that 
Mi has rank 2n, and that C is basic. This Case 2 is very much the same as the Case 1 for 
G basic. We mention only the differences. The first differences are: 

(i) we can assume that Oj = and thus that Grn acts via // trivially on Oj for all 

(ii) we have r = 2n and for the Cn Dynkin type the form bi is alternating and not 
symmetric. 

As Mi = Oi let "B, 'Bi, e'^, and tt* with * e Gal(iir2/Qp) be as in Subsection 6.3. Let 
oi, . . . ,Os be the orbits of the action of Gal(K2/Qp) on B numbered in such a way that 
there exists Sq G {0, . . . , s} such that for an element / G {1, . . . , s} the orbit oi contains 
the set {e2a -1, } for some number ai G {!,... ,n} if and only if / < sq. The difference 
s — So is an even number. We can also assume that if si G {!,... , ^^^}, then the union 
OgQ_|_2si-i U Oso+2si contains the set {e2a^_i, 62^^} for some number ai G {!,... ,n}. If 
i < -So (resp. / > So) let G N be such that the number of elements of the set 5/ := oiHBi 
is 2ui (resp. ui). Lemma 6.3.1 gets replaced by the following weaker one. 

6.4.1. Lemma. We assume that v is odd. Then ui is even for I > sq. 

Proof: As C is basic, all Newton polygon slopes of (Oi, 0"^) are |. From this the Lemma 
follows. □ 

To define /ii it is enough to define 1^1X2- We consider two Subcases: 

6.4.2. Choice of fii for v odd. We know that ui is even for I > sq, cf. Lemma 6.4.1. 
Thus if / > So we write oi — oi^i U 01^2, where oi^i and 01^2 have ^ elements. Not to 
introduce extra notations we will assume that if Z — sq € 1 + 2N, then the sets o/,i fl Bi and 
0^+1,2 n Bi are perpendicular with respect to bi for all i G {1, . . . ,m}. We choose /xi/Cj 
such that Gm acts through it: 

(i) trivially on if z G Wl; 

(ii) trivially on G oij if z G 01, Z G {sq + 1, . . . , s}, and j G {1, 2} with I — sq — j 

even; 

(iii) trivially on G if z G 01, Z < sq, and a is odd; 

(iv) via the inverse of the identical character on all other elements of B. 

Thus iJ,iK2 acts non-trivially on precisely half of the elements of the set {oi\l G 
{1,... ,s}}. Therefore the product of the cocharacters of 7ik2 which belong to the 
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Gal(K2/Qp)-orbit of /iiK, factors through UZi^i^^M,) = ^°(SkJ. Thus (TiB(fe),/xi) 
satisfies the C condition, cf. Example 2.3.1. 

6.4.3. Choice of /ii for v even. Let D^o be a subset of ^ that has | elements. Let 
D^i := \ D^o- Let ej^ G o;. If / < sq, then we define the action of Gm via on K2el^ 
as in Subsubsection 6.4.2. If / > sq, then we define the action of via H1K2 ^2^a 
to be via the inverse of the identical character of Gm (resp. trivial) if and only if i G Dlj, 
where j G {0, 1} is congruent to Z — sq modulo 2. Thus the number of elements of oi on 
whose -ftTo-spans Gm acts via //i^Tj as the inverse of the identical character of Gm is ui 
(resp. is ^) if / < sq (resp. if / > sq). Therefore the Gal(i^'2/Qp)-orbit of H1K2 factors 
through Ili^i -^(GLmJ = Z^i^K^)- Thus again the £^-pair ('J'is(fe)) A*i) of C satisfies the 
C condition. 

6.4.4. Remark. We assume that S° is of -D4 Dynkin type. Then Subsubsection 6.3.4 ex- 
tends automatically to the present context rk;y(/j)(Mi) = 8 of Case 2. The only difference: 
we have Mi = Oi. 

6.5. End of the proof of 4.2. We recall that Subsection 6.1 achieves the reduction to 
Cases 1 and 2 of Subsections 6.3 and 6.4. Thus Theorem 4.2 (a) (resp. Theorem 4.2. (b)) 
follows from Subsubsections 6.3.2, 6.4.2, and 6.4.3 (resp. from Subsubsection 6.3.4). □ 

6.5.1. Remark. The approach of Subsubsection 6.3.4 extends in many cases to the case 
when C is basic and S° is of An Dynkin type. However, one has to deal not with only two 
sets S-^j and S-j but with n analogue sets and therefore in general it is much harder to 
show the existence of corresponding numbers c^^ ^ , where w G {1, . . . , n} is a third index. 
This is the reason why in Subsection 6.4 we dealt only with the basic context (and why in 
Theorem 9.6 below we will rely as well on [Zil, Thm. 4.4]). 

7. Proofs of Corollaries 4.3, 4.4, and 4.5 

In this Section we will assume that p > 3 and that the semisimple group scheme 
Q'^^^ is simply connected. In Subsections 7.1, 7.2, and 7.3 we prove the Corollaries 4.3, 4.4, 
and 4.5 (respectively). If [Qg] G Z^*'"(y (?")), then by performing Oi we can assume that 
there exists a maximal torus of SB{k) of Qp-endomorphisms of Qg (see Remark 3.3.2 (a) 
and Corollary 3.6.1). Thus as in Subsection 5.1 we get that there exists m G N such that 
{g4>y"^ is a semisimple element of Q{B{k)). Therefore the element {g4)y G Q{B{k)) is also 
semisimple i.e., Qg is semisimple. Thus to end the proofs of Corollaries 4.3 to 4.5, we only 
have to show that under the assumptions of either Corollary 4.3 or Corollary 4.4 (resp. 
Corollary 4.5) we have [Q] G Z'^'^(^{9^)) (resp. we have [{Q,Xm)] e ^'^^^(^(9', Am))) 
provided C is semisimple. 

7.1. Proof of 4.3. We can assume that there exists a subset do of 3 such that {ta)aedo 
is the family of tensors of 7{Mzp) formed by the following three types of tensors: 

(i) all elements of Lie(Czp) := {e G Lie(C)|0(e) = e}; 

(ii) the projector 11 of Subsubsection 2.4.4 (it is also a projector of End(Mzp) as the 
trace form T is perfect); 
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(iii) the endomorphism End(Mzp) 'End{Mzp)* whose restriction to Ker(n) is 
and which induces the isomorphism Lie{S^'^J) ^Lie(S|^'^)* defined naturally by ^. 

The family of tensors formed by the tensors of (i) (resp. of (ii) and (iii)) is Zp- 
very well positioned for Z^{Si,p) (resp. for Sz'^), cf. [Val, Subsubsection 4.3.13] (resp. 
[Val, Prop. 4.3.10 b) and Rm. 4.3.10.1 1)]). Thus from [Val, Rm. 4.3.6 2)] we get that 
the family (tot)aedo of tensors of 'I{Mzp) is Zp-very well positioned for Szp- As the tori 
Z'°(Sqp) and Sq^ are isomorphic (cf. our hypothesis on the isogeny Z'^{S) S^^), the 
set H^[Qp, 9q ) has only one class. This follows from Lemma 2.4.6 (with the notations of 
Lemma 2.4.6 we have %^ = ZGq^, as Z^{S) = Z^{Ci)). 

To prove Corollary 4.3, we can assume that L^{(f>) is a reductive group scheme 
(cf. Subsection 2.6). We can also assume that there exists a maximal torus 7iB(k) of 
Qp-endomorphisms of (M, ^, Lg(^)). Let (Tis^fc), //i) be an E'-pair of (M, Lg((^)) that 
satisfies the C condition, cf. Theorem 4.2 (b). Thus the £'-pair {7iB{k)T IJ'i) of C is admis- 
sible, cf. Theorem 4.1 (b). It is plus plus admissible, cf. previous paragraph. Thus as 
ZO(g) = ZO(Ci), Corollary 4.3 follows from Theorem 4.1 (c). □ 

7.2. Proof of 4.4. The proof of Corollary 4.4 is very much the same as the proof of 
Corollary 4.3. Only the argument for the plus plus admissibility part has to be changed 
slightly. Let IK be a split, simply connected semisimple group scheme of Lie type over 
a field of characteristic 0. 

If n is even, then Z{'K) is //2 x //2- Moreover we can assume that the kernel of the 
first (resp. second) half spin representation of Ji is the first (resp. the second) factor of this 
product. Thus the isogeny Z^{%J Sq^ is the square isogeny 2 : Z^{5q^) Z^{Sqp). 
Thus as in Subsection 7.1 we argue that the set H^{Qp, Sqp) has only one class. 

If n is odd, then the half spin representations of IK have trivial kernels and are dual 
to each other (sec [Bou2, p. 210]). Thus based on our hypothesis on Z°°(S), the isogeny 
^°°(SQp) ^ 9$^ is the square isogeny 2 : Z^^iSq^) ^ ^°°(SqJ. Here Sq^ and Zgo are the 

subgroups of which are the Qp forms of 9B(fe) and Z^^{SB{k)) (respectively) obtained 
as m Subsection 2.4. The torus Z^^{%^) is the group scheme of invert ible elements of an 
etale Qp-algebra. Thus as in Subsection 7.1 we argue that the set H^{Qp, Sq^) has only 
one class. But the class £ of Subsubsection 2.4.5 is the image of a class £,i G H^{Qp, Qq^). 
This is a consequence of the fact that SiQp is the subgroup of GLmq that fixes a family 
of tensors (ta)^^! of 7{Mq^), cf. [De3, Prop. 3.1 c)]. Therefore £ is the trivial class. 

Regardless of the parity of n, as in Subsection 7.1 we argue that there exists an 
£'-pair {7iB{k)i l^i) of 6 which is plus plus admissible. Thus as Z^{S) = Z^{Ci), Corollary 
4.4 follows from Theorem 4.1 (c). □ 

7.3. Proof of 4.5. The proof of Corollary 4.5 is the same as the proof of Corollary 4.3. As 
the group H^{Qp, Sqf) is trivial and as 9^^^ is simply connected, the set H^{Qp, 9q^) has 
only one class. Therefore each E'-pair {7iB{k), l^'i) of C which is admissible, is in fact plus 
plus admissible with respect to Am- The rest is the same, only the reference to Theorem 
4.1 (c) has to be supplemented by the variant 5.3.3 (a). □ 
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8. First applications to abelian varieties 

Pairs of the form (|, A|) will denote polarized abelian schemes. By abuse of notations, 
we also denote by the different forms on the cohomologies (or homologies) of \ induced by 
Aj. We now apply the results 4.1, 4.2, and 5.3.3 to the geometric context of Subsubsections 
1.1.1 and 1.2. Applications to Conjecture 1.2.2 (i) and to Subproblems 1.2.3 and 1.2.4 are 
included in Corollary 8.3 and Remark 8.4. If A is an algebra, let A°pp be its opposite 
algebra. 

8.1. Geometric setting. Until the end we assume that D is the p-divisible group of an 
abelian variety A over k, that C = (M, 0, S) is a Shimura filtered F-crystal over k such 
that axioms 2.4.1 (i) and (ii) hold, and that there exists a polarization A^ of A whose 
crystalline realization (denoted in the same way) Xa '■ M ^w{k) M W{k) has a W{k)- 
span normalized by S- Let and /U be as in Subsection 2.1. Let be as in Subsection 
2.4. By performing the operation Oi we can assume that the Zariski closure 1{4>) of the 
group {(f)'^'^\m e Z} in Sb(A;) is a torus over B{k). This implies that we have an identity 
End(^) = End(^^). We identify 

Ea := End(A)°PP ®z Q 

with a Q-subalgebra of {x G End(M[i])|(/)(a;) — x}. 

Let n be as in Subsection 2.4.4. Let Cq^ :— {Ea ®q Qp) n Im(n). Let Cq^ := 
{Ea <8)q Qp) n Ker(n). As H is fixed by </>, we have a direct sum decomposition 

Ea ®q Qp = tQ^ ® e^^ 

of Qp-vector spaces. Let C{(t))q be the reductive group over Q of invertible elements of Ea', 
thus Lie(C((/))Q) is the Lie algebra associated to Ea- A classical theorem of Tate says that 
C(0) := C{(f))B(k) is the centralizer of 0'' in End(M[i]). Thus c := tq^ (gjQ^ B{k) is the Lie 
algebra of the centralizer C'gB(fc)(0) of (j)'^ in SB(fe)- Let E\ be a semisimple Q-subalgebra 
of Ea which (inside End(M[^])) is formed by elements fixed by Sb(A;) and which is stable 
under the involution of Ea defined naturally by A^. 

8.2. Lemma. Let 7iB{k) be a maximal torus of SB{k) of Qp-endomorphisms of Q. Then 
there exists a maximal torus 7^B{k) '^f ^■^m[^] of Qp-endomorphisms of (M, 0, GLm) and 
there exists an element u e C{(^)q{Qp) such that the following four conditions hold: 

(i) the element u normalizes M (i.e., we have u{M) — M) as well as any a priori 
fixed W{k)-lattice o/M[i]; 

(ii) the torus u7^^^^^^u~^ is the extension to B{k) of a maximal torus of C{(l))q; 

(iii) the element u fixes Xa and each element of E\; 

(iv) we have 7^B{k) = n SB{k))- 
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Proof: Let C'(0)q be the identity component of the subgroup of C(0)q that normahzes 
the Q-span of and that centrahzes E\. It is a reductive group over Q. Let Tq^ 
be a maximal torus of C{4>)q^ that contains the Qp-form Tiq^ of 7iB(k) with respect to 
{M[^,(p). From [Ha, Lem. 5.5.3] we deduce the existence of an element u e C(0)q(Qp) 
such that the condition (i) holds and wTq is the extension to Qp of a maximal torus 
Tq of C{(/))q. We choose such an element u which also fixes Xa- Thus the condition (iii) 
holds. Let 7^^^ be a maximal torus of C(0)q that contains Tq. The conditions (ii) and 
(iv) hold for T^if(,):=«-iT^^(5«. □ 

We have the following geometric consequences of Theorem 4.1 (c) and variant 5.3.3 

(a). 

8.3. Corollary. We assume that p>3 and that Q + +21 holds for C. We also assume 
that there exists a subset do of 3 such that the family {ta)ae3o tensors of7{Mzp) is of 
partial degrees at most p — 2 and is Zp-very well position for Szp- 

(a) Then by performing the operation Di we can assume there exist an element 
h e ^(C) and an abelian variety A{h) over k such that the following two conditions hold: 

(i) the abelian variety A{h) is Z,[^]-isogenous to A and, under this Z[^]-isogeny, the 
Dieudonne module of its p-divisible group is {h{M),(f)) and is a direct sum of F -crystals 
over k that have only one Newton polygon slope; 

(ii) there exists an abelian scheme A{h)vs complex multiplication over a finite, 
totally ramified discrete valuation ring extension V3 of W{k) which is a ramified lift of 
A{h) to V3 with respect to the Zariski closure 9{h) of 9B{k) ^'^ GI^h{M), where ^ is a 
GLM{W{k))- conjugate of S such that the triple (Mjcf), S) is a Shimura F-crystal over k. 

(b) We also assume that the polarization Xa is of degree prime to p, that Z'^{Q) = 
Z°(Ci(A^)°), and that Q + +21 holds for (C, A^). Then by performing the operation Oi 
we can assume that there exists an element h G 3f(C, A^) and an abelian variety A{h) over 
k such that the condition (i) and the following new condition (iii) hold: 

(iii) there exists an abelian scheme A(/i)v-3 ^^^''^ ^ finite, totally ramified discrete 
valuation ring extension V3 of W{k) which lifts A{h) in such a way that the Probenius 
endomorphism of A{h) also lifts to it, which is a ramified lift of A{h) to V3 with respect to 
9{h), and whose p-divisible group D{h)v^ is with complex multiplication. 

Proof: We can assume that G is basic, cf. Corollary 2.6.2 and Fact 2.6.3. Let ('J'iB(fe)) A*i) 
be an £^-pair of C which is plus plus admissible. We first proof (a). Let T^^(A;) 
be as in Lemma 8.2; thus u is fixed by 0. Let §, ^^^^{k)^ ^iB{k)^ A^i) ^iiid {ta)a&s be the 
inner conjugates of S, T^^^/,), 'J'iB(fe)) A*i) ^^id (ta)aGa (respectively) through the element 
u e GLm(-B(A;)). Let G := (M,0,g). The Lie algebra Lie(Tj^^^^) is S(A;)-generated by 
elements of Ea and {T'iB{k)il^i) is an £^-pair of C which is plus plus admissible. 

We apply the proof of Theorem 4.1 (c) to C and (TiB(fc) , Ati) (see Subsection 5.3). We 
deduce the existence of an element h e ^(C) such that the p-divisible group D{h) over k 
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whose Dieudonne module is {h{M), (f)) has a hft D{h)y^ to a finite, discrete valuation ring 
extension V3 o{W{k) such that each endomorphism of D{h) whose crystalline realization is 
an element of Lie{7^^^^i^^) fixed by (f) lifts to an endomorphism of D{h)v-j, (cf. also property 
5.3.3 (b)). Let A{h) be the abelian variety over k defined by the condition (i). Let A(/i)v3 
be the abelian scheme over V3 defined by D{h)v^-, cf. Serre-Tate deformation theory. The 
fact that A{h)v^ is indeed an abelian scheme (and not only a formal abelian scheme over 
Spf(V3)) is implied by the fact that we are in a polarized context, cf. variant 5.3.3 (a) 
and property 8.2 (iii). By performing the operation Di we can assume that V3 is a totally 
ramified extension of W{k). We can also assume that A{h)v3 ^ ramified lift of A{h) to 
V3 with respect to S(/i), cf. Corollary 3.7.1 and Subsubsection 5.3.1. As 6 is basic, the 
part of the condition (i) on F-crystals over k holds (to be compared with [VaS, Subsection 
4.1]). Thus the condition (i) holds. This proves (a). 

To prove (b) we first remark that : M ®w{k) M W{k) is a principal quasi- 
polarization of C. Part (b) follows from the proof of Theorem 4.1 (c) applied in the context 
of an iJ-pair {7iB{k), l^'i) of G which is plus plus admissible with respect to A^- We get 
the existence of an element h e J(C, A^), of a finite, discrete valuation ring extension V3 of 
W{k), and of a p-divisible group D[h)v^ over V3 that is a ramified lift of D{h) to V3 with 
respect to (/i(M), S(/i)) and that has the property that each endomorphism of D{h) 
whose crystalline realization is an element of Lie(Ti5(;j)) fl End(M) fixed by lifts to an 
endomorphism of D{h)vs i'^^- Subsubsections 5.3.1, 5.3.2, and 5.3.3 (b)). By performing 
the operation Oi we can assume that V3 is a totally ramified extension of W{k). Let A{h) 
and A{h)v3 be obtained as above. From the property 5.3.3 (b) we get that the p-divisible 
group D{h)vz is with complex multiplication. As (jf G 7iB{k){.B{k)) leaves invariant h{M), 
the Frobenius endomorphism of A{h) lifts to A{h)v3 ^^^^ property 5.3.3 (b) and Serre- 
Tate deformation theory). As above we argue that the condition (i) holds. As D{h)v3 ^ 
ramified lift of D{h) to V3 with respect to {h{M), 0, S(/i)), the abelian scheme A{h)v3 ^ 
ramified lift of A{h) to V3 with respect to 9{h). □ 

8.4. Remark. Corollary 8.3 (b) is our partial solution to Subproblems 1.2.3 and 1.2.4. 
We refer to Corollary 8.3 (a). If Lie(Tis(fe)) is i?(/c)-generated by elements of e^, then 
we can take u to be 1m- If moreover the assumptions of Corollary 8.3 (b) hold, then the 
condition (ii) holds with /i e J(C, Xa) and thus with 2{h) = 9{h). This solves Conjecture 
1.2.2 (i) under all assumptions of Corollary 8.3. 

9. The context of standard Hodge situations 

If {G, X) is a Shimura pair, let E{G, X) be the subfield of C which is its refiex field, 
let {G^'^, X^^) be its adjoint Shimura pair, and let Sh(G, X) be the canonical model over 
E{G, X) of Sh(G', X) (see [Del], [De2], [Mi3, Subsections 1.1 to 1.8], and [Val, Subsections 
2.2 to 2.8]). Let Sh{G,X)/% be the quotient of Sh(G', X) by a compact subgroup % of 
G{Af). See [Val, Subsection 2.4] for injective maps between Shimura pairs. For general 
properties of Shimura varieties of PEL type we refer to [Zil], [LR], [Ko2, Ch. 5], [Mi3, 
p. 161], and [RaZ] (we emphasize that in [Mi3, p. 161] one has to add that the axiom 
[De2, 2.1.1.3] holds). The injective maps in Siegel modular varieties that define Shimura 
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varieties of PEL type as used in these references, will be referred as PEL type emheddings. 
Let 0(to) be the localization of the ring of integers of a number field with respect to a finite 
prime to of it. 

In Subsection 9.1 we mainly introduce notations and a setting. Different "properties" 
pertaining to the setting of Subsection 9.1 are introduced in Subsection 9.2. In Subsections 
9.3 to 9.6 we prove results which fully support the point of view that the two things 1.4 (i) 
and (ii) are indeed the last ingredients required to complete the proof of the Langlands- 
Rapoport conjecture for p>5 and for Shimura varieties of A^, S^, and type (cf. 
also Remark 9.8 (b)). The main results are Theorems 9.4, 9.5.1, and 9.6. Not to make this 
paper too long, we include only one example (see Example 9.7) of how the new techniques 
of Subsections 9.2 to 9.6 apply to Shimura varieties of Hodge type which are not of PEL 
type (and thus to which the techniques of [Zil] and [Ko2] do not apply). 

9.1. Standard Hodge situation. We recall part of the setting of [Va3, Section 5] 
pertaining to good reduction cases of Shimura varieties of Hodge type. We start with an 
injective map 

/ : Sh(G', X) ^ Sh(GSp(I^, V), S) 

of Shimura pairs. Here the Shimura pair (GSp(VF, ip), S) defines a Siegel modular variety, 
cf. Subsubsection 1.2.1. We consider a Z-lattice L oi W such that ij) induces a perfect 
form : L L ^ Z. Let L(p) := L (8) Until the end we will assume that: 

the Zariski closure Gz^^.^ of G in GSp{L^p^,il;) is a reductive group scheme overZ(^py 

It is easy to see that the group scheme G^ := Gz^^^ H Sp(L(p), ifj) is reductive (cf. [VaS, 
Subsection 5.1, Formula (11)]). Let %p :— GSp(L(j,), 'i/j)(Zp); it is a hyperspecial subgroup 
of GSp(W, ■^)qp(Qp). As Gz^p-^ is a reductive group scheme over Z(p), the intersection 
p is a hyperspecial subgroup of Gq^ (Qp)- Let f be a prime of the reflex 
field E{G, X) that divides p; it is unramified over p (cf. [Mi4, Prop. 4.6 and Cor. 4.7]). Let 
k(v) be the residue field of v. Let r := ^HMii^l e N. Let A/ (resp. A^^) be the Q-algebra 
of finite adeles (resp. of finite adeles with the p-component omitted). We have an identity 

For integral canonical models of (suitable quotients of) Shimura varieties we refer 
to [Val, Subsubsections 3.2.3 to 3.2.6]. It is well known that the Z(p)-scheme M that 
parameterizing isomorphism classes of principally polarized abelian schemes of relative 
dimension r over Z(p) -schemes which have compatible level- symplectic similitude struc- 
tures for all natural numbers N relatively prime to p, together with the natural action of 
GSp(iy, •0)(A^^'') on it, is an integral canonical model of Sh(GSp(iy, -0), S)/3Cp (for instance, 
see [Del, Thm. 4.21] and [Val, Ex. 3.2.9 and Subsection 4.1]). These structures and this 
action are defined naturally via the Z-lattice L of W (see [Val, Subsection 4.1]). It is 
known that Sh(G, X)/H is a closed subscheme of Me{g,X) = Sh(GSp(l¥, ip), §>)e{g,X)/^pi 
cf. [Val, Rm. 3.2.14]. 

Let K be the normalization of the Zariski closure of Sh{G,X)/H in Mo^^y Let 
{A, Aji) be the pull back to K of the universal principally polarized abelian scheme over 
M. Let {va)aed be a family of tensors of T(L? -,) such that G is the subgroup of Ghw 
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that fixes Va for all a E 3 (cf. [De3, Prop. 3.1 c)]). As G contains Z'(GLvk), we have 

Va e ffi^o-^*;^" ®^(p) ^fp) a E 3, The choice of L and (fQ,)^^^ allows a moduli inter- 

pretation of Sh{G, X) (see [Del], [De2], [Mi4], and [Val, Subsection 4.1 and Lem. 4.1.3]). 

For instance, the set Sh{G, X)/H{C) is naturally identified with Gz^^^ (Z(p))\(X x G{K^f)) 
(see [Mi4, Prop. 4.11 and Cor. 4.12]) and therefore it is the set of isomorphism classes of 
complex principally polarized abelian varieties of dimension r that carry a family of Hodge 
cycles indexed by the set 5, that have compatible level- A?" symplectic similitude structures 
for all natural numbers N relatively prime to p, and that satisfy certain axioms (see [Val, 
Subsection 4.1]). This moduli interpretation endows naturally the abelian scheme Ae[g,x) 
with a family (w^)^^^ of Hodge cycles (the Betti realizations of pull backs of via 
C-valued points of ^^£{0,%) correspond naturally to Va)- 

Let Hq be a compact, open subgroup of G(A^^'') that has the following three prop- 
erties: 

(a) there exists Aq G N such that (Ao,p) = 1, Aq > 3, and we have an inclusion 

HoxHC %{No) := {g e GSp(L, V)(Z)]^ = l^^^^modufo Aq}; 

(b) the triple := {A, Ayi, {w^)ae3) is the pull back of an analogue triple ^{Hq) = 

(yi//g, Ayi^^ , {wa 'Oaea) ^^^^^ "^/Hq, whcrc (Ahq, -^Ah^) is the pull back via the natural 
morphism 74 /Hq M/3C^(Ao) of the universal principally polarized abelian scheme over 
M/XP{No) (here Xp{No) is the unique subgroup of GSp{W,ip){A'f^) such that we have 
%{No)^XP{No)x%py, 

(c) the scheme X is a pro-etale cover of 'N/Hq (cf. [Val, Prop. 3.4.1]). 

9.1.1. Some notations. Let = Fg be a finite field that contains k{v). We consider a 
VF(A;)-morphism z : Spec(VF(A;)) T^/Hq. Let 

i^W{k)i ^Aw(k)^ ('^a)a€3) = Z*(51(Hq)). 

Let y : Spec(A;) 'J^k{v)/HQ and {A, Xa) be the special fibres of z and (A^^^^, A^^^.^.^) 
(respectively). Let (M, (/>, A^i) be the principally quasi-polarized Dieudonne module of 
{A, Xa). Let be the Hodge filtration of M defined by Aw{k)- For a e J let ta e T(M[J]) 

be the de Rham component of the Hodge cycle Wa on Let S be the Zariski closure 

in GLm of the subgroup of GL^jij that fixes ta for all a E 3- Until the end we will 
assume that the triple (/, L, v) is a standard Hodge situation in the sense of [Va3, Def. 
5.1.2]. Therefore the following two properties hold: 

(a) the 0(^,)-scheme J^/Hq is smooth; 

(b) for each point z G 'N/Ho{W{k)), S is a reductive, closed subgroup scheme of 
GLm and the triple (M, 0, S) is a Shimura F-crystal over k. 

Let S := Gw{k) and S° := G^^^f^y Each tensor ta is fixed under the natural action 
of (j) on T(M [^]), cf. [Va3, Cor. 5.1.6]. By performing the operation Di we can assume 
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that 9 is isomorphic to S- By multiplying each by a fixed integral power of p we can 
assume that for all points z G 74/ Ho{W{k)) wc have G T(M) for all a G ^. To match 
the notations with those of Sections 1 to 8, we will identify (non-canonically) S = S- Thus 
let C := (M, 0, S)- Obviously the axiom 2.4.1 (i) holds for C. The fact that the axiom 

2.4.1 (ii) holds for Q is implied by [De2, axiom 2.1.1.3]. The triple C depends only on y 
and not on z (cf. [Va3, paragraph before Subsubsection 5.1.7] and therefore we call it the 
Shimura F-crystal attached to the point y G 3\fyt(„-)/iJo(/c). Let z^o '■ Spec(VF(A;)) ^ X be 
such that the resulting VF(A;)-valued point of J^/Hq factors through z. We refer to C ® A: 
as the Shimura i^-crystal attached to the special fibre j/oo '■ Spec(/c) — > •^fc(v) ^oo- 

We 

also refer to j/oo (resp. Zqo) as an infinite lift of y (resp. of z). We also refer to as the 
lift of e defined by the point z G 'N/Ho{W{k)) that lifts y G y4k{v)/Ho{k). 

If we have another point yj G 3Nf/ HQ^k), then {Aj, A^^. ), Gj — {-^j^ Sji ^Aj)^ Ujoo-, 
and {tjct)ae3 ^^^^ be the analogues of (A, Aa), C, J/oo and (ta)aea obtained by replacing y 
with yj. 

9.1.2. PEL type embeddings. Let Cq := Cgi^^{G). Let Gi be the identity component 
of CiQ := GSp(VK, •0) n Cglvk(^q); it contains G. Let Xi be the Gi (M)-conjugacy class of 
homomorphisms Resc/M*Sm ~^ Gm. that contain the composites of elements of X with the 
monomorphism G-r ^ Gm- We get a PEL type embedding /i : (Gi, Xi) ^ (GSp(W, V'); §) 
through which / factors. We call it the PEL-envelope of /, cf. [Val, Rm. 4.3.12]. 

Let G2Z(p) := Ggsp(L{p),V')(2'°(Gz(pj)); it is a reductive group scheme over Z(p) (cf. 
[DG Vol. Ill, Exp. XIX, Subsection 2.8]). Let G2 be the generic fibre of G2z^p)', it 
contains Gi and moreover we have Z^{Gi) = Z'^iG-i)- As in the previous paragraph we 
get an injective map ji : (G2,X2) ^ {GSp{W, ip) , §) through which both / and /i factor 
naturally. 

Let i G {1, 2}. Let Hi := GiQ (Qp)nXp. Let Vi be the prime of the subfield E{Gi, Xi) 
of E(G, X) which is divided by v. Let 74 i be the normalization of the Zariski closure of 
Sh.{Gi,Xi)/Hi in Mo(„.)- By replacing Hq with a compact, open subgroup of it we can 
assume that: 

(a) there exists a compact, open subgroup i^oi of Gi{A^p) which is contained in 
%'P{No), which contains Hq, and for which the quotient morphism — > T^i/Hoi is a 
pro-etale cover (see proof of [Val, Prop. 3.4.1]). 

We can also assume that Hqi is a subgroup of H02. The injective map fi is a PEL 
type embedding. The triple (/2, L(p), 1)2) is a standard Hodge situation (this well known 
fact follows from either [Zil, Subsection 3.5] or [LR]). Let {Ai, Ay^.) be the pull back to JsT^ 
of the universal abelian scheme over M. Let Si be the integral, closed subgroup scheme of 
GLm which has the analogue meaning of S = S but obtained working with the /c-valued 
point yi of 'Ni/Hoi defined by y. The group scheme 92 is reductive.^ 

We use the notations of Subsection 8.1 and (by performing the operation Di) until 
the end we will assume that is a torus. Let Eia '■= Ea H Lie(SiB(A;))- Identifying the 
opposite of the Q-algebra that defines Lie(GQ) with a semisimple Q-subalgebra of E^-, we 

1 If either p > 3 or p = 2 and Giq is connected, then it is easy to see that Theorem 

2.4.2 (b) implies that 9i is also a reductive group scheme (see [LR] and [Ko2]). 
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get that EiA is the maximal Q-vector subspace of Ea that centrahzes Lie(CQ) and that 
leaves invariant the Q-span of A^. We can assume that Z^a '•= Lie(Z°(Gi2^^j )), when 
viewed as a set, is included in {fa let G d}- 

9.1.3. Rational stratification. Let Sj-at be the rational stratification of yikiv) defined 
in [Va3, Subsection 5.3]. We recall that if yi G J^/HQi^k^, then yioo 

and Hoo are /c-valued 

points of the same (reduced) stratum of ©rat if and only if there exists an isomorphism 
{Mi<Siw{k) B{k), 01 (8)(T^) ^ (M®vK(fc) B(k), (j)®a^) that takes tia to ta for all a E 3- The 
number of strata of ©rat is finite, cf. [Va3, Rm. 5.3.2 (b)]. Let So be the G(A^^'')-invariant 
reduced, closed subscheme of J^kiv) defined by the following property: the point j/oo factors 
through So if and only if Q is basic. Obviously So is a union of strata of J^k{v)- 

9.2. Some properties. Let h G J(C, Aa) ^ Q'^{B{k)). Let A{h) be as in Subsubsection 
1.1.1. We denote also by Xa the principal polarization of A{h) defined naturally by Xa- 
Let 

y{h) : Spec(A;) ^ Mf,/3C^(A^o) 

be the morphism defined by {A{h),XA) and its level- A^o symplectic similitude structure 
induced naturally from the one of {A, Xa) defined by the point y G 'N^y^/Ho{k). Let 
y{h)oo : Spec(A;) —>■ Mp^, be an infinite lift of y{h). 

(a) For p>3 (resp. p = 2) we say the isogeny property holds for (/, L, v) if for 
each point y G 3\ffc(t,)/-ffo(A;) and for every element h G 3(C, A^i), the (resp. up to the 
operation Di the) morphism y{h) factors through ?sffc(^)/i/Q and there exists a point z{h) G 

/ Hq{W {k)) which lifts this factorization (denoted in the same way) y{h) : Spec(/c) — > 

3^k(^y^/Ho and for which ta is the de Rham realization of z{h)*{wa °) for all a e d- 

(b) We say the weak isogeny property holds for (/, L, v) if ©rat has only one closed 
stratum which is Sq itself. 

(c) We say the Milne conjecture holds for (/, L, v) if for each point y G 'N^y^/HQ{k) 
there exists a symplectic isomorphism (M, Xa) {L* ®z W{k), i/j*) that takes ta to Va for 
all q: G J. Here ip* is the alternating form on L* defined naturally by ip. 

(d) We say the ST property holds for (/, L, v) if there exists an open, dense, G{Af^)- 
invariant subset of y^k{v) such that whenever we have y G (D/Ho{k), there exists a 
unique Hodge cocharacter /Xcan of 6 whose generic fibre factors through the torus of Sb(A;) 
generated by Z^{SB{k)) ^^^d Z°(Cg^^j.j (T(0))) and moreover the lift F^^,^ of C defined by 
Hcan is the lift defined by a unique point z G 'N/HQ{W{k)) that lifts y. Here ST stands for 
Serre-Tate. 

(e) Suppose that p>3. We say the GFT property holds for (/, L, v) if there exists 
a subset do of d such that {va)ae3o i^ ^ family of tensors of T(L^p-j) of partial degrees at 
most p — 2 and, when viewed as a family of tensors of "^(-^(p) ®Z(p) ^p); it is also Z^-very 
well position for Gz^ ■ Here GFT stands for a good family of tensors. 

9.2.1. Remarks, (a) In [Va6] it is proved that for p>3 the Milne conjecture holds for 
{f,L,v). In [Va4] it is proved that for p>3 the ST property holds for {f,L,v). The GFT 
property holds for {f,L,v) in most cases (like if p> max{5,r}, cf. [Val, Cor. 5.8.6]). 
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(b) The isogeny property was announced in [Val, Subsubsection 1.7.1]. We outline 

the very essence of one way to prove it for p>3. We assume that the weak isogeny property 
holds for (/, L, v) at least if p>3. Due to this, standard specialization arguments show 
that to prove that the isogeny property holds for (/, L, v) it suffices to prove it only for 
those points y e 7ik{v)/Ho{k) for which C is basic. If G*^®"" is simply connected, then the 
motivic theory of [Mi5] when combined with (a). Proposition 9.3, and Subsubsection 9.4.1 
will imply that the isogeny property holds for such a point y (see also Remark 9.4.2). But 
the part of the Main Problem that pertains to types and to relative PEL situations 
will allow us to remove the assumption that G'^'^^ is simply connected (to be compared 
with the paragraph before Subproblem 1.2.3). 

(c) For each /? e GmiW{k)) there exists an element g e 9iW{k)) that acts on 
the VF(/c)-span of via multiplication with (3. Thus if there exists an isomorphism 

(M, {ta)cie3) ~* (-^* ®z W{k), {tct)ae3)j then there exists also an isomorphism of the form 
(M, (ta)ae3i ^a) {L* ®z W^(fc), ita)ae2n V'*)- Morcovcr, as S*^ is smooth and has a con- 
nected special fibre, such isomorphisms (M, {ta)aed-i ^a) {L* ^i,W{k), (ta)aea; V'*) exist 
if and only if they exist in the flat topology of W{k). 

9.2.2. Theorem. If Z^{G) = Z^{Gi), then the Milne conjecture holds for {f,L,v). 
Proof: It is known that we can identify {H)j.{A ^^^y Zp), A^^) = (-^(p) ®^(p) ^P' such a 

way that the p-component of the ctalc component of Wa '■= ^B{k) i'^a) "^ol for all a G (see 
[Val, top of p. 473]). Strictly speaking loc. cit. mentions a G^(Zp)-multiple of i/'*; as 
the complex — > G^^(Zp) — Gz^C^p) — > G^(Zp) — > is exact, we can assume that 
1 . Thus as B(k) is a field of dimension <1 (see [Se2]) and due to Fontaine comparison 
theory, there exists an isomorphism Ja : {M <Siw{k) B(k), Xa) (-^(p) -^(^)' V'*) that 
takes t^ to for aU a e 3- As Z^{G) = Z^{Gi), we have Z^{9) = Z^{Ci{Xa)) (cf. 
Theorem 2.4.2 (c)); here Z^{Ci{Xa)) is defined as in Theorem 2.4.2 (c) but for the pair 
(QjXa)- As in Subsubsections 5.3.2 and 5.3.3 (a) we argue that we can assume that 
jA{M <^w{k) W{k)) = L^p^ i^z^p^ W{k). Thus the Milne conjecture holds for {f,L,v), cf. 
last sentence of Remark 9.2.1 (c). □ 

9.3. Proposition. We assume that the Milne conjecture holds for {f,L,v). 

(a) Then So is a stratum of Srat which is closed. 

(b) We also assume that G'^'^^ is simply connected and that y factors through Sq/Hq. 
Let yo e So /Hoik). Let yooo : Specik) ^^kiv) be an infinite lift of yo- Then up to the 

operation Di, there exist elements t G G2{^^f^) and h G 3{Q,Xa) such that we have an 

identity yooot = y{h)ca of k-valued points ofM^v)- 

Proof: The connected components of "N are permuted transitively by G{A^^^), cf. [Val, 
Lem. 3.3.2]. Thus to prove the Proposition, we can assume that y G So/Ho{k) and that 
both y^o and yooo factor through the special fibre of the same connected component of 
Jsf. Let TV (resp. ttq) be the Frobenius endomorphism of A (resp. of Aq). See [Ch, Subsection 
3. a] for the Frobenius tori and Tttq over Q of tt and ttq (respectively). The crystalline 
realization of tt is 0*" G S{B{k)) and therefore we have an identity 7(0) = 7T^B(k)- Each 



54 



element b e Zia defines naturally a Z(p)-endomorpliism of any pull back of A, Ai, or A2, 
to be denoted also by b. Thus we view Z^{G) and T^r as subtori of (7(0) q. 

We prove (a). As y G 3o/Ho{k), the Newton quasi-cocharacter of (M, 0, S) factors 
through Z^{SB{k)) (see [Va3, Cor. 2.3.2]) and thus it can be identified with a quasi- 
cocharacter iiQ of Z°(SB(fc)). This quasi-cocharacter depends only on the Gal(Qp)-orbit of 
the composite fi^^ : Gm — ^ S*^ of /j, with the canonical epimorphism S -» S*^- Moreover 
IJ,^^ is uniquely attached to X, cf. [Va3, Subsubsections 5.1.1 and 5.1.8]. We conclude that, 
as the notation suggests, /iq does not depend on the point y G 'N/Ho{k). 

The torus is the smallest subtorus of C((/))q with the property that //q is a quasi- 
cocharacter of 7^B{k)-) cf- Serre's result of [Pi, Prop. 3.5]. Thus is naturally identified 
with a subtorus of Z^{G) uniquely determined by X. Applying this also to yo we get 
= T^^. Thus ttq G Q[7r] is such that its image in each number field factor Fq of Q[7r] is 
non-trivial. Therefore from [Ta2] we get that the images of tt and ttq in Fq are both Weil 
g-integers. Thus is a root of unity and therefore by performing the operation Di we 

can assume that tt = ttq G 7^{Q) = 1^o(Q) ^ Z^{G){Q). Let i : A ^ Aq be the Q-isogeny 
defined by this equality, cf. [Ta2]. Let (Mo[^], 0) (M[^], ^o) be the isomorphism defined 
by i; we will view it as a natural identification. 

Let g^'^ be the Qp-form of 9%^^^ with respect to (M[^],0). We have 9^^^ = Sq^ 

and therefore let 9^^^ := 9zf- 

As the Milne conjecture holds for {f,L,v), there exists an element j G GLm(-B(/c)) 
such that j{M) = Mq and j takes A a to A^o and takes ta to toa for all a E d- Thus j 
commutes with 0^ = 0q G Z'^{9B{k)){B{k)). We can also assume that j takes a Hodge 
cocharacter of C to a Hodge cocharacter of Cq (to be compared with [Va3, Lem. 5.1.8]). 
Thus we can identify j~^(f>j = gcp, where g G 9^{W{k)). From [Va3, Prop. 2.7.1 and 
Subsection 4.7] we deduce the existence of an element h G 9^{B{k)) such that we have 
g{(/)^a^) = h~^{(j)®ai)h. In other words, there exists an isomorphism (Mo®;^(fc)-B(A;), 4>q® 
<7fc, (^Oa)aea) (A^ ®w(A;) B (k) , (j) ® a]^, {ta)aed)- Thus So is a stratum of ©rat; it is closed 
by its very definition. Thus (a) holds. 

We probe (b); thus G'^'^^ is simply connected. As j commutes with (f)'^ we get that 
= {j-^cpjY = {gcpy. Thus g defines a class 7^ G H^{Gal{B{k)/Qp),9Q^) whose 
image in H^{Gal{B{k) /Qp), Sg^^^) factors through H^{Gal{W{k)/Zp), S^'j^^) = 0. As the 
group -ff^(Gal(VF(/c)/Zp), 3^'^^) is trivial (cf. Lang theorem) and as the homomorphism 
9^{W{k)) — > S^^^{W{k)) is surjective, we can assume that we have g G 9^'^^{W{k)). 
Thus 7g is the image of some class 7^*="^ G H^{Gal{B{k)/Qp),9Q^')- As G'^"'' is simply 
connected, the class 7^*^"^ is trivial (cf. [Kn, Thm. 1]). Thus we can assume that h G 
S^^'{B{k)). Therefore gcj) = h-'^^h and thus we have h G 3{Q,\a) and j-Vi = 
Let h := hj~^ G GLm(-B(/c)); it is fixed by (j) and thus it is a Qp-valued point of C{(l))q^. 

Let ZC{(t))q be the reductive subgroup of C(0)q that fixes A^ and Zia[-^]- We now 
check that we can assume that i takes b to b for all b G ^ia[^] and takes A^ to A^„. Let 
7 G H^{Q, ZC{(P)q) be the class that "measures" the existence of such a choice of i. Let / 
be a rational prime. We check that the image of 7 in H^{Qi, ZC{(j))q^) is the trivial class. 
If I = p (resp. if Z 7^ p), then this is so due to the previous paragraph (resp. due to the 
existence of all level-Z"^ symplectic similitude structures of A with m G N and on the fact 
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that TT = TTo e T,(Q) = T^^iQ) ^ Z^{G)iQ)). The triples {A,Xa, Z^a) and (Aq, A^o, 
lift to characteristic 0. But all pull backs of {A, Aji, Zia) via complex valued points of 
are R-isogenous (as each connected component of X is a G°(M)-conjugacy class). Thus 
{A, Xa, Z\a) and (Aq, A^Iq, Z\a) are M-isogenous. Thus the image of 7 in i/^(M, Z'C((/))r) 
is also the trivial class. 

The group ZC{(f))c is isomorphic to the centralizer of a torus of Sp(W, 7/^)0- Thus 
it is the product of some GL^ groups with either a trivial group or with a Sp2n group 
(the ranks n do depend on the factors of such a product). Therefore we have a product 
decomposition ZC{(j))Q = Zi Xq Z2, where: 

(i) there exists a semisimple Q-algcbra Zn with involution lh such that Zi is the 
group scheme of invertible elements of Zu fixed by *; 

(ii) Z2 is either trivial or a simple connected semisimple group of Dynkin type. 

The pair {Zu, tn) is a product of semisimple Q-algebras endowed with involutions which 
are either trivial or of second type. Thus Zi is a product of Weil restrictions of reductive 
groups whose derived groups are forms of SL,,, groups {n G N) and whose abelianizations 
are of rank 1. This implies that the Hasse principle holds for Zi (even if some n's are 
even). It is well known that the Hasse principle holds for Z2. We conclude that: 

(iii) the Hasse principle holds for ZC(0)q and therefore the class 7 is trivial (cf. 
previous paragraph). 

It is well known that Zi{Q) is dense in Z'i(Qp). As ZC{(f))B{k) is C'sp(M[i],AA)('^(*^)) 
and as Z^{^) splits over a finite unramified extension of W{k), the group -^2B(fc) split. 
Thus Z2(Q) is dense in Z2(Qp), cf. [Mi4, Lem. 4.10]. Thus we get: 

(iv) the group ZC((/))q(Q) is dense in ZC((/))q(Qp). 

Due to the property (iii), we can assume that j G ^^{B{k)). Thus h G ^{B{k)) 
is a Zp-isomorphism between the principally quasi-polarized Dieudonne modules with en- 
domorphisms associated to {A{h) , Xa-, Zia) and [Aq^Xaq-, Zia)- Let s G N. A Theorem 
of Tate says that Homfc(^O) ^(^)) ®z is the set of Zp-homomorphisms between the 
Dieudonne modules of the p-divisible groups of A{h) and Aq (see [Ta2, p. 99]; the passage 
from Qp coefficients to Zp coefficients is trivial). Based on this and the property (iv) we 
get that there exists a Z(p-) -isomorphism /i(p) between [Aq^Xaqi Zia) and {A{h),XAi Zia) 
whose crystalline realization is congruent modulo to h. 

Due to existence of the Z(p)-isomorphism /i(p), there exists an element t G GSp(VF, V-')(Aj''') 
such that we have an identity yooot — y{h) 00 of A;- valued points of JVlk(v) (cf- also [Mi2, 
Section 3]). The fact that we can take t G G2{Aj^) is checked easily by considering the 
level-/"* symplectic similitude structures of yQ^{A,Aji) and {y{h) 00)* {A, Aji) (here I is a 
prime different from p and m G N) . □ 

9.4. Theorem. We assume that the Milne conjecture, the isogeny property, and the ST 
property hold for {f,L,v). We also assume thatp>S, that G^er simply connected, and 
that y factors through Sq/Hq. Then in Proposition 9.3 (b) we can assume that in fact we 
haveteG{PSf). 
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Proof: Let be the right translation of 3Nf° through t i.e., the normalization of Mo(„) in 
the right translation of ■jt) through t. It is a finite scheme over Mo(^) , cf. proof of 

[Val, Prop. 3.4.1]. As the isogeny property holds for (/, L,f), the point u := y{h)oo is a 
fc- valued point of 'Nkiv) that factors also through "^ij^^yy We can identify the principally 
quasi-polarized Dieudonne module associated to u*{A,Aji) with D{h) := {h{M) ®w{k) 
W{k),(j) ® (Tfe, Xa). Let Fl be the lift of {h{M) (g)w{k) W{k), (f) ® ct^, S(/i)iy(fc)) defined by 
a iy(^)-valued point of 3Nf that lifts both u and a point z{h) e J-i/Ho{W{k)) as in the 
property 9.2 (a). 

As yocxj^ = u we can identify naturally Mq ^w{k) W{k) = h{M) <S)w{k) W{k). Thus 
9ow{k) is t'^c reductive, closed subgroup scheme of GL^^j-jy^^^^^^^^^j) that fixes toa for all 
a G d- Let Fq be a lift of {h{M) ®w{k) W^(^); ® CTfe; SovF(fc)) defined by a VF(A;)-valued 
point of 3\f^ that lifts u. 

The closed subgroup schemes S(/i)w'(fe) and Sow(fc) of GL;,^^,^)^,^^^^^^.^^) are conjugate 
under an element Hq G Sp(/i(M), Aa)(W^(^)) which is fixed by 0(8)cr^ and which is congruent 
modulo to l/i(M)(8)vK(fc)W(fc) (^^^ ^^^^ P^^^ of the proof of Proposition 9.3 (b)). Let 
d dimvK(fc)(S'^'^'^)- Let Rd := W{k)[[xi, . . . ,Xd]]- Let be the Frobenius lift of Rd 
that is compatible with o"^ and that takes each Xi to x^ for alH G {1, . . . , li}. 

The local deformation space D (resp. 2)^) of u*{AjAji) defined by ^vK(fc) (resp. 
^tw{k)^ depends only on S(/i)^(^-) (resp. So^(^)); cf. [Val, Subsubsections 5.4.4 to 
5.4.8 and Subsection 5.5]. More precisely the principally quasi-polarized filtered F-crystal 
over Rd/pRd defined by the pull back of (^, A^) via a formally smooth VF(^)-morphism 
Spec(i?d) — > N (resp. Spec(i?d) — > 3M^) that lifts u is isomorphic to 

(10) {h{M) ®w{k) Rd. Fl Rd, gi^^{ct) ® A^, V^) 

(resp. {h{M) ®w{k) Rd,F^ ^wik) ^d,^ouniv(0 ® ^flJ' ^A, Vq/,)). Here ^^er^ : Rd ^ 
S(^)vK(fc) ^OuLiv • Rd — So^(^-) are formally etale morphisms which (due to the 
previous paragraph) coincide modulo p^. Thus the special fibres of D (resp. 2)^) coincide, 
cf. Lemma 3.4 and Serre-Tate deformation theory. Thus the images in 'Mk{v) of the 
connected components lit and It of ^^^^^-j and y^k{v) (respectively) through which u factors, 
are the same. 

Let be as in the property 9.2 (d). Let Oil be the image of fl IX in Mk(v)- Let 
(Mo, (po, Xa„) be the principally quasi-polarized Dieudonne module associated naturally to 
a point Uooo G 0'll{k). A A;-valued point of either IL or lit that factors through j/ooo will 
be also denoted by |/ooo- 

As the ST property holds for (/, L, v), each such ^-valued point i/ooo of U (resp. of U^) 
has a unique VF(^)-lift 2:000 (resp. Zotoo) to 3\f (resp. to 3M^) such that there exists a Hodge 
cocharacter Ho (resp. Hot) of the Shimura F-crystal {Mo, (f)o, 9o) (resp. {Mo,(j)o,9oo)) 
attached to ^ooo £ li{k) (resp. to yooot~^ £ J^^ik)) whose generic fibre factors through the 
center of the subgroup of GL^^jij that commutes with Z^C^o) B{k) — ^'^i.^oo) B{k) ^'^d with 
the integral powers of the Frobenius endomorphism of 2/0* (•^Hq); here yo is an F^m -valued 
point of Q/Hq that has j/ooo as an infinite lift, for some m G N which is big enough. As jio 
and jiot commute, the two lifts of (Mo, (f)o,GtLM„) they define coincide. Thus as p> 3, we 
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have an identity Zqoo = Zotoo of l^(A;)-valued points of Mo(„)- The normahzation of the 
Zariski closure of these Zooo = Zotoo points in Mo(^) is on one hand a connected component 
of X and on the other hand it is . 

But K(C) = G'z(^)(Z(p))\(X X G{K^f)) and its analogue holds for K2(C), of. [Mi4, 
Prop. 4.11 and Cor. 4.12]. Thus as J^^ is a connected component of K we easily get 

that t G G2Z(p) (^(p))(2(p))<-f (-^z''')- Thus to prove the Theorem, we can assume that 
t e G2Z(p) (^(p))- By considering level-Z"^ symplectic similitude structures with / ^ p fixed 
and with m eN varying, we get that t e D 

9.4.1. An interpretation. As Milne conjecture is assumed to hold for {f,L,v), the Zp 

structure of 6 is isomorphic to (L* (g)^ Zp, Gz^i {Va)a£d)- Thus the condition [Va3, 5.2 (b)] 
holds for {f,L,v). Thus from [Va3, Subsubsection 4.2.2 and the proof of Thm. 5.2.3] we 
get the existence of a point zq^o £ 3\f(VF(A;)) that lifts a fc-valucd point of Sq and such that 
the Mumford-Tate group of each complex extension of Zq^{A) is a torus. By enlarging 
k we can assume that the VF(A;)-valued point of 'N/H defined by zqoo factors through a 
point zo e 'N/H{W{k)). Thus Theorem 9.4 can be interpreted as follows. If j/ G So/Ho(k) 
and if we work under the assumptions of Theorem 9.4, then up to the operations Oi and 
D2 we can assume that the lift z e 'N/HQ(W{k)) of y is such that ^vK(fe) is with complex 
multiplication. 

9.4.2. Remark. We assume that the hypotheses of Proposition 9.3 (b) hold. Let t G 

G2{Af^) and h G ^(6, A^) be such that we have an identity yooot = y{h)oo of /c- valued 
points of Mfc(„), cf. Proposition 8.3 (b). We also assume that e (see Subsection 8.1) is 
the extension to B{k) of the Lie algebra of a subgroup E{(I))q of C((/))q (for instance, this 
holds if the cycle H of Subsection 8.1 is the crystalline realization of an algebraic cycle of 
A^y(fc)). Let -E(0)q be the subgroup of -E'((/>)q that fixes A^; it is a Q-form of 9^(fc) and 
thus it is connected. The group E{(f))^{Q) is dense in E{(j))^{Qp), cf. [Mi4, Lem. 4.10]. 
Thus as in the proof of Proposition 9.3 we get the existence of an element hi G E{(p)q{Q) 
such that by denoting also by hi its crystalline realization, we have hi{h{M)) = M. This 
implies that we can choose 2/(/i)oo to be the translation of |/oo by an element of G{A^^^) 
defined naturally by hi. Thus y{h) factors through J^i^i^y-^/ Hq. This implies directly that 

t G G{Af^). 

In future work we will show independently of [Mi5] i.e., based mainly on the weak 
isogeny property and on [Val], that for p>3 the point y{h) factors through 'N/Hq if either 
k{v) = Wp or if aU simple factors of {G""^, X^^) are of A^, B^, C^, or type. 

9.5. The non-basic context. In this Subsection we assume that the isogeny property and 
the GFT property hold for (/, L,v), that p > 3, and that G is not basic. We also assume 
that Q + +21 holds for (C, Aa) and that Z^(g) = Z°(G'i). Thus the Milne conjecture 
holds for (/, L,f), cf. Theorem 9.2.2. All assumptions of Corollary 8.3 hold (cf. also 
Subsubsection 9.1.1) and therefore we will use the notations of Corollary 8.3, with h G 
J(C, Aa) ^ Q^{B{k)). Let {7iB{k): IJ'i) be the £'-pair of G which is plus plus admissible 
and which was used in the proof of Corollary 8.3 (b). Let Tiq^ and K2 be as in Definition 
2.3 (c). We know that ^ql^ m ^ reductive, closed subgroup scheme of GL/j(m)5 cf. 
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property (i) of Corollary 8.3 (a). Let Zh{(j)) be the split rank 1 subtorus of Z(Lql^^^^ (0)) 
such that the Newton quasi-cocharacter of C factors through Zh{(l))B{k)'i it is a torus of 

As the property 9.2 (a) holds for y and h, we can assume that y{h) G 'Nk{v)/Ho{k). 
Let Vs := V3 ^w(k) W{k). Let XA{h)v:i principal polarization of A{h)v3 ^^^^ ^^^^ 

XA{h) = Aa- Let 5oo '■ Spec(V3) ^O(^) be the morphism that lifts the composite of y{h)oo 
with the morphism 'Nkiv) ^k{v) ^ind that is defined by the pull back of {A{h)v3, ^A{h)v3) 
to V3. Let z{h)oo G yi{W(k)) be a point that lifts y{h)oo- The part of the proof of Theorem 
9.4 that pertains to (10) holds even if C is not basic, cf. [Val, Subsubsections 5.4.4 to 
5.4.8 and Section 5.5]. Thus as p > 3, from Theorem 3.6 and Corollary 3.7.3 we get that 
Zoo factors through X. We fix an £'(G', X) -embedding : Vaf^] ^ C and we use it to 

naturally identify B{k) with a subfield of C 

We identify Hl,iA{h)^, Zp) = H\A{h)c,Zip)) l^p (cf. [AGV, Exp. XI]) 

and H^{A{h)c, Z(p)) = L*^^^^ in such a way that Vq, becomes the p-component of the etale 

component of ) for all a e J (cf. [Val, pp. 472-473]). Thus we can identify the 

Mumford-Tate group of A{h)c with a reductive subgroup G3 of G. Let G3 be a reductive 
subgroup of G which is maximal under the properties that it contains G3 and we have 
G^er _ ^der ^j^g Frobeuius endomorphism of A{h) lifts to Avg, it defines naturally a 
Q-valued point tt of Z'^{Gz). Let X3 be the G3(M)-conjugacy class of the homomorphism 
Rcsc/kG^ — > G3R that defines the Hodge Q-structure on W defined by A{h)c- The pair 
(G3, X3) is a Shimura pair. 

Let Z3 be the subtorus of GLHl_^{A{h) ,Zp) that corresponds to Z°(LgL;,(a,/) 

via Fontaine comparison theory for A{h)v.^- It exists as p>3 and as we can identify it 
naturally with the group scheme of invertible elements of the semisimple Zp-subalgebra 
of End(/i(M)) formed by elements of Lie(Z'^(LGL^(M) (</*))) fixed by 4>. Its generic fibre 
commutes with G^q^^. The subtorus Zh{4>)it of Z3 that corresponds to Zh{(f)) via Fontaine 
comparison theory for A{h)v3, i^ ^ subgroup scheme of the Zariski closure of Z^{G2q^) 
in GLj:^i^(A(^-) _^^^-) = GLl* ^(g,^^ ^Zp- Let T3 be a maximal torus of G3 such that the 

following two things hold (cf. [Ha, Lem. 5.5.3]): 

(i) the torus T3K is the extension of a compact torus by Z{GLwigiQM.)', 

(ii) there exists an element g e G^{Qp) such that gT3Q^g~^ is the subtorus of Gsq^ 
which is isomorphic to Tiq^ and which corresponds to T^ygjij via Fontaine comparison 

theory for A{h)vs- 

Let /X3 : Gm — > Tsc be the cocharacter such that g^zg~^ is obtained from ni by 
extension of scalars under the restriction ik^ '■ ^2 ^ C of to K2. From the property 
(ii) we get: 

(iii) the cocharacter 113 is G3(C)-conjugate to the Hodge cocharacters of GLvk^qC 
that define Hodge Q-structures on W associated to points 0:3 e X3. 

Let Ssc be the subtorus of T^c generated by Z{G'Lw<g,Qc) and Im(/i3). As the torus 
Tsr/ Z {G'Lw<g,QM.) is compact, S^c is the extension to C of a subtorus Ssm. of T^r. From 
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the property (iii) we get that we can identify S^-r = Resc/RG^ and thus we get a natural 
monomorphism 

/is : Resc/KGm ^ ^sr. 

Let Xg be the G3(]R)-conjugacy class of h-^. As in the proof of [Va3, Thm. 5.2.3] one 
checks that we can choose T3 such that the pair (G3, X3) is a Shimura pair (this time it is 
irrelevant what the Zariski closures of T3 and G3 in GLl^^^ are and therefore loc. cit. can 
be adapted to our present context). 

The adjoint Shimura pairs {Gf,X'^^) and {Gf,Xf) of (Gg,!^) and (G'3,X3) (re- 
spectively) coincide i.e., we have an identity Xf*^ = X3^'^ (cf. the property (iii) and [De2, 
Prop. 1.2.7 and Cor. 1.2.8]). As the group G3'^(Q) is dense in G'3'^(M), it permutes the 
connected components of Xl'^. Thus by replacing the injective map 

^3:(T3,{M)-^(G'3,X^) 

by its composite with an isomorphism 

(G3, X3) ^ (G3, X3) 

defined by an element of (Q), we can assume that X3 — X3 . 

As the cocharacter ni is defined over Ki, the refiex field E{Ts, {hs}) is a subfield of 
Ki. Let V3 be the prime of £^(T3, {h^}) such that the local ring 0(^,3) of it is dominated 

by the ring of integers of Ki. Let H3 := Ts{Qp) D H and let Hqs := Ts{Af^) f] Hq. It 
is easy to see that the natural morphism Sh.{T3, {h^}) / H3 — > Sh.{G,X)E(T3,{hs})/H (see 
[Del, Cor. 5.4]) is a closed embedding. Let T3 be the Zariski closure of Sh(T3, {hs})/Hs 
in 3\fo(„g). Let Oq be a finite, discrete valuation ring extension of the completion Oy,^ of 
0(„3) such that we have a morphism zq : Spec(Oo) — > 7s/Hos and Kq := Oo[^] is a Galois 
extension of Qp. Let AqOo := Zq{Aho)-i where we denote also by zq the Oq- valued point of 
'N/Hq defined naturally by zq. By performing the operation Oi to G, we can assume that 
the residue field of Oq is k and that the abelian scheme Aq has complex multiplication. 
We can assume that zq and Zoo give birth to complex valued points of the same connected 
component of Sh(G3, X3)/(G3(Aj) fl {Hq x H)). Let yo be the special fibre of zq identified 
as well with a A;-valued point of 'N^^-^/Hq. We recall that (Aq, Xaq) = Uoi'^Ho-, -^Ahq) 
that (Mo, So) is the Shimura F-crystal attached to yo. By performing the operation 
£)i, we can also assume that all endomorphisms of Aqj^ are pull backs of endomorphisms of 
Aq. Let Z{(Pq) be the subtorus of So that corresponds to Zh{(f))^t via Fontaine comparison 
theory for the abelian scheme AqOq. Let SsB^k) be the reductive subgroup of SoB{k) that 
corresponds to Gsq^ via Fontaine comparison theory for Aqkq • 

We denote also by //s the cocharacter Gm — > Toq rii whose extension to C is /i3 

(i.e., it is the Hodge cocharacter defined by hs, cf. the very definition of reflex flelds). 
The Newton quasi-cocharacter of (Mc^o^So) is the quasi-cocharacter of T^sik) (viewed 
as a maximal torus of 9oB(fc)) which is the mean-average of the Gal(i^o/Qp)-orbit of /U3, 
cf. [Kol, Subsections 2.8 and 4.2] (see also either [RR, Thm. 1.15] or [RaZ, Prop. 1.21]). 
Thus it factors through Z^{S3B{k))i cf- the G3'^(Qp)-conjugacy of the property (ii) and the 
fact that the Newton quasi-cocharacter of (M, 0, S) factors through the subtorus 7(0) of 
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Z°(S3B(fc))- Thus as in the proof of Proposition 9.3 (a) we argue that up to performing the 
operation Di to C we can assume that the Betti reahzation of the Frobenius endomorphism 
of Aq obtained via AqOq is the element n e Z°(G3). 

9.5.1. Theorem. We assume that the isogeny property, the ST property, and the GFT 
property hold for (/, L, v), that p>3, that C is not basic, and that C^*^^ is simply connected. 
We also assume that Q + +21 holds for (C, A^) and that Z^{S) — Z^{Gi). Let yo G 
Jsffc(„)/ifo(fc) be as above (i.e., the special fibre of a composite morphism zq : Spec{Oo) —>■ 

Ts/iJos ^/Hq). Then up to performing Di, there exists hi e 3{G,Xa), ti e G{A^^^), 
and an infinite lift j/ooo € '^k{v){k) of yo e [N"fe(^;)/i?o(fc) such that j/ooo^i is an infinite lift 
ofy{hi) e 7<kiv)/Hoik). 

Proof: The proof of this is entirely the same as the proofs of Proposition 9.3 (b) and 
Theorem 9.4. Only the part of the proof of Proposition 9.3 (b) that pertains to an element 
g E 9^{W{k)) has to be slightly modified. The role of Zia is now replaced by the maximal 
Z(p)-subalgebra Z3A of End(L(p)) fixed by Z°(Gz(p)) and by tt G Z^{Gs){Q). Up to 
the operation Oi, each element b G Z^a defines a Z(p) -endomorphism of either Aq or 
A. As we can assume that ttq — tt E Z^{G3){Q), as in the proof of Proposition 9.3 we 
argue that we have a Q-isogeny i : A{h) — > Aq that defines naturally an identification 
(Mo[^],0o) = an element j G GLM{B{k)) such that 3{h{M)) = Mq, and an 

element g G S{h)^{W{k)) such that j~^(f)j = ^0. 

Both Zh{(j}) and j~^Z{(j)Q)j are Gm subgroup schemes of 9{h) and their Lie algebras 
have natural generators fixed by 0. As these generators are identified naturally with 
elements of Z^{G3q^) and as the generic fibres of both points Zoo and zq factor through 
Sh(G3, Xz)/{G3{Af) n {Hq X H)), over B{k) these generators are S°(-B(fc))-conjugate and 
therefore they are also S(/?.)'^(VF(A;))-conjugate. Thus wc can assume that j~^Z{(j)Q)j = 
Zh{(j)) and therefore that g G (L^(^^(0) n ?i{hf){W {k)) . As in the proof of Proposition 9.3 

we argue that we can assume that g G Lg'|^^^(0)(14^(A;)). As G'^^^ is simply connected, from 

Fact 2.6.1 we get that Lg'^^''^((^) is simply connected. Thus as in the proof of Proposition 

9.3 we argue that we can assume that there exists an element h' G Lg'|^'^^(0)(S(A;)) such 

that we have gcj) = h[~^(ph'. If hi := h'h G g°(S(A;)), then we have an isomorphism 
h' : {Mq, (f)Q) ^ (/ii(M), (f)) and therefore hi G J(C, A^). The rest of the proof is as the 
last part of the proof of Proposition 9.3 (b). □ 

9.6. Theorem. Let n G N \ {1}. We assume that all simple factors of {G^^,X^) are of 

either Cn or type, that all simple factors of {G'f^, X'f^) are of A2n-i type, and that Cq 
is indecomposable (equivalently, and that Cq is the group scheme of invertible elements of 
a simple Q-algebra). We also assume that Z^{G) — Z^{Gi) and that the monomorphism 
G^^ ^ Gf^ is a product of monomorphisms of one of the forms: Sp2m ^ SL2m, S02m ^ 
SL2m, and SL^ ^ SL^. Then TT% holds for 6. 

Proof: We have Ciq = Gi (i.e., the group Ciq is connected), cf. the hypothesis that 
pertains to the ^2n-i type. The Zariski closure C'z(p) of Cq in GL^^^^ is a reductive group 
scheme, cf. Theorem 2.4.2 (b) applied over Zp. Thus the Zariski closure of Gi in GL^,, , is a 
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reductive group scheme, the triple (/i, L, vi) is a standard Hodge situation, and the O^y^y 
scheme 'Ni/Hqi is smooth (see [LR] and [Ko2]). Let yi and Si be as in Subsubsection 9.1.2. 
Thus Ci := (M, 0, Si) is the Shimura F-crystal attached to the point yi G 'Nik(vT_)/ Hoi{k). 
The statement of the Theorem depends only on 6 up to the operations Oi and O2 and 
therefore from now we will forget about / and 74 and we will only keep in mind that 
the quadruple (M, 0, Lie(Cz(pj ), A^) is the crystalline realization of a principally polarized 
abelian variety endowed with Z(p)-endoniorphisms {A, Xa, Lie(Cz(p))) over k and that our 
hypotheses get translated into properties of the group schemes S, Si, etc. By performing 
the operation Oi, we can assume that S and Si are split. The main property required 
below is the following one (cf. hypotheses): 

(i) We have Z^\2) = Z'^(Si) and the monomorphism S'^'^'^ * Si'^' is a product of 
monomorphisms of one of the forms: Sp2m ^ SL2m5 S02^^* ^ SL2m5 and SLm ^ SL^- 

By performing the operation O2, we can assume that i^g(</>) is a reductive group 
scheme, cf. Subsection 2.6. Thus we can replace C by (M, 0, Lg(0)). From Fact 2.6.1 and 
the property (i) we get the existence of a direct sum decomposition 

into F-crystals over k that have only one Newton polygon slope such that for each j E J 
the following two properties hold: 

(ii) the adjoint of the image L^{j) of Lg (cj)) in GLm^ via the projection Yije J ^"^Mj —>■ 
GLmj , has all simple factors of the same Lie type 6{j) G {C^, D^, Am\m G {1, . . . , n}}; 

(iii) the image L\{i) of Lg^((^) in GLmj via the same projection is either L^{j) or 
its adjoint has all simple factors of the same Lie type A2m-i and 6{j) G {Cm, Dm}- 

Let 7iB{k) be a maximal torus of 5B(k) of Qp-endomorphisms of C. Its centralizer 
'^iB{k) SiB(fe) is a maximal torus of SiB(fe) of Qp-endomorphisms of Ci, cf. property (i) 
and the fact that in Subsubsection 9.1.2 we assumed that T(0) is a torus. Let 7iiB(k) be 
the centralizer of 7iB(k) in C'gl 1 {CB{k))'i it is a torus over B{k). We use the notations of 

Definition 2.3 (c), an upper index / being used in connection to 7[Q^i^y We apply [Ha, Lem. 
5.5.3] to the reductive subgroup of C((/))q that normalizes the Q-span of and that fixes 
each Q-endomorphism of A defined by an element of Lie(CQ). Thus up to a replacement 
of (M, 0, Lg((^)) by (M, (/), /iLg((/))/i~-'^), where h G 9i{W{k)) commutes with we can 
assume that Lie(T^^j^^-j) is i?(A;)-generated by elements of Ea- From [Zil, Thm. 4.4] we 
get that up to the operations Di and O2, the isogeny class of abelian varieties endowed 
with endomorphisms whose crystalline realization is (M[|], 0, (Lie(TiiB(fe)) + Lie(CB(fc)))n 
End (A)) has a lift to the ring of fractions of a finite field extension iiTg of K2. Thus the 
Hodge cocharacter of this lift, when viewed in the crystalline context, is the extension to 
of a cocharacter fi'i : Gm 7[j^, such the i?-pair {7[B(k)^ ^^i) °f ^1 i^ admissible. But 
the product of the simple factors of Lg {(j))^'^ which are of some Am Lie type, m > 2, is the 
same as the similar product for Lg^(0)^'^, cf. property (i). Thus we choose a cocharacter 
A*i • '^m 7iKi such that the following three properties hold (to be compared with 
Subsection 6.1): 
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(iv.a) the cocharacters of O--^^^ defined by /ii and iJ,[ coincide; 

(iv.b) the cocharacter of the product of the simple factors of -^g((/>)|^^ which are not 
subgroups of O.K2 defined by /ii is constructed based on Subsection 6.4; 

(iv.c) a S(^^2)-conjugate of //ikj is the extension to K2 of a Hodge cocharacter of 

e. 

Let -F^^ be as in Definition 2.3 (h). The admissible filtered modules over K2 are 
stable under direct sums. Thus to check that (TiB(fc), A*i) is admissible (i.e., to end the 
proof of the Theorem), we can work with a fixed jo G J and we have to show that the 
filtered module (iVj^ [i], fl {Nj^^ ®w{k) -^2)) over K2 is admissible. Let Ja '■= {j G 

J\e{j) =Ara, me N\{1}}. If jo e Ja, then (A^^, [i], F^^niVjV)®M/(fc)^2) is admissible as 
('^iB(fc)' /^2) is admissible. If jo e J\Ja, then the fact that {Nj^ [^], Fr^^Nj^ ®w{k) K2) 
is admissible follows from Theorems 4.1 (b) and 4.2 (b) (cf. Subsection 6.4). □ 

9.7. Example. There exists a second approach (besides the one mentioned in Remark 
9.2.1 (b)) toward the proof that the isogeny property holds for (/, L,v). We exemplify it 
as well as Subsections 9.2 to 9.6 in the following concrete context. 

9.7.1. Assumptions. Let n G N \ {1}. Let m G N. We assume that p does not divide 
n — 1, that p > 5, that 2r = dimQ(VF) = 4nm, and that = YliLi where each is 
an Sp2n group scheme over Zp. We also assume that we have a direct sum decomposition 

(11) := L ®z = ©?ri4 

into free Zp-modules of rank 2n which is normalized by and for which the following 
property holds: 

(i) the representation of on is trivial if j ^ {2i — 1, 2i} and it is the standard 
rank 2n representation if j G {2i — 1, 2i}. 

Let Ti be the Gm subgroup scheme of GL^^ that acts trivially on if j ^ {2z — 1, 2i} 
and as the inverse of the identical (resp. as the identical) character of on Lp^~^ (resp. 
on Lp^). We also assume that is generated by G^®^, by Z(GLi,p), and by the tori Tj 
with z G {1, . . . , m}; thus Gz^ is split. This last assumption implies that for two elements 
^2 G {1, . . . ,2m}, the Zp-modules L^^ and L^^ are perpendicular with respect to i/j if 
and only if (ii, is) ^ {(1, 2), (2, 1), (3, 4), (4, 3), ... , (2m - 1, 2m), (2m, 2m - 1)}. Finally, 
we also assume that is Q-simple and that the group G^ has compact, simple factors. 

9.7.2. First properties of {f,L,v). We list some simple properties. 

(a) We have Cz, := Cgl,, (G^J = Z{GLr^0. Moreover Ggl,, (G^ J = RSGL^.. 
From the perpendicular aspects of Subsubsection 9.7.1 we get that Z{GiZp) — Z{Gz^) and 
that G^l^ = rii^i^i; where each G\ is an SLsn group scheme that contains G*. Thus 
G\ acts trivially on if j ^ {2^ — l,2z} and we can assume that the representation of 
G\ on L'^~^ is the standard rank 2n representation. Thus we have G* = NQi^{G^) for all 
z G {1, . . . , m} and therefore Gz^ = -/Vgiz^ {Gz^)- 
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(b) As p does not divide 2(n — 1) the KiUing and the trace forms on Lie(G|^'^) are perfect 
(see [Val, Lcm. 5.7.2.1]). Thus as in Subsection 7.1 we can assume that there exists a 
subset 3o of d such that {va)ae3 is of partial degrees at most 2 and, when viewed as a 
family of tensors of 7{L*^s^ ®^(p) ^p)' ^p-very well positioned for (cf. also [Val, Thm. 
5.7.1]). Thus {f,L,v) is a standard Hodge situation (cf. [Val, Thm. 5.1 and Rm. 5.6.5]) 
for which the GFT property holds. As Z^{Gz^) = Z^{GiZp), the Milne conjecture holds 
for {f,L,v) (cf. Theorem 9.2.2). 

(c) The projector of Lp on associated to (11) is fixed by Gz^ and thus it is a Zp-linear 
combination of tensors of End(End(L(p))) fixed by Gz^^^y Thus all of part (a) transfers 
automatically to the crystalline context of the Shimura F-crystal C of Subsubsection 9.1.1. 
Therefore we have a direct sum decomposition M = ©|™^M* normalized by S and formed 
by free VF(A;)-modules of rank 2n. We have A^(M*i (g) M*^) = if and only if (11,12) ^ 
{(1,2),(2,1), .. . , (2m-l,2m), (2m,2m-l)}. As in the part (a) we argue that S = iVgi(S) 
(the group scheme Si being identified with the intersection of GSp(M, Xa) with the double 
centralizer of S in GLm)- Moreover, we have a direct sum decomposition Q'^'^^ — YHLi 
with the property that each acts trivially on if j ^ i. As G^^ is simply connected 

and G^^ is split, the set H^{Qp, G^^) has only one class. 

(d) We show that the assumption that Cq is decomposable leads to a contradiction. As 
G^'^ is Q-simple, any subrepresentation of the representation of G^^^ on W has dimension 
at least 2nm. Thus if Cq is decomposable, then there exists a direct sum decomposition 
W = Wi © W2 in G-modules of dimension 2nm. Let F be a totally real number field such 
that G^"^ is the Resi?/Q of an absolutely simple F-group G^ (cf. [De2, Subsubsection 2.3.4 
(a)]); we have [F : Q] = 2m. The maximal subgroup of GLw. that commutes with G is 
Resj?/QGm- This implies that Z°(Gr) is a split torus of dimension m+1 (more precisely, 
we have a short exact sequence Kesp /qGrn Z^{G) — > Grn 0). But the maximal 
split torus of Z^{Gr) is Z'(GLvi/(g)!(jiR) and thus it has dimension 1. As m + 1 > 1, we 
reached a contradiction. Thus Cq is indecomposable. Thus TT21 holds for C, cf. Theorem 
9.6. From this and the end of part (c) we get that TT + +21 holds for (C, Xa)- 

9.7.3. The isogeny property. We check that the isogeny property holds for {f,L,v). 
Let h e J(C, Xa)- Let D and D{h) be the p-divisible groups of A and A{h) (respectively). 

Let D = ©2m g^n^ ^ ®1lI^^D{hy be the direct sum decompositions that correspond 
naturally to (11). For each i G {1, . . . ,m}, the duals of D^^~^ and D(h)^^~^ are D^^ and 
D{h)'^'^ (respectively). Let T{i) be the image of ^ in G*^'^. If the torus T{i) is trivial, then 
(M2^-i ©M2% n (M2*-i ©M2*), (t)) is a canonical lift (for aU points z e Ji / Hq{W {k))) . 
For the remaining part of this paragraph we assume that T{i) is non-trivial. Let '4>2i-i 
be a perfect alternating form on L'^~^ normalized by the image of Gz in GL;^2i-i via 

the projection Jl^^j^GLj^i^ — > GL^2i-i; it is unique up to a G^(Zp)-multiple. Let A£)2i-i 

and Ao(-/j)2i-i be the principal quasi-polarizations of D'^^~^ and D{h)'^^~^ that correspond 
naturally to ip2i-i- Let jk {D'^'^~^ , Xo'ii-i) — > (F>(/i)2*~^, Ao(^)2i-i) be the Qp-isogeny 
defined by the equality M^'-^[^] = h{M^'-^)[^]. From the proof of [FC, Ch. VII, Prop. 
4.3] we get that jk lifts to a Qp-isogeny 

jk[[x]] ■■ (^Imv^E^'r') ^ (^(^)fc[S]'^^^('^)^Jrx']j) 



64 



between principally quasi-polarized 7?-di visible groups over such that the fibre of 

^k[[x]] ^((^)) ordinary. Let Ri := W{k)[[X]] and be as in Subsection 3.3. We 
can identify the principally quasi-polarized F-crystal of (E^^jj^^^j, A^2i-i ) over with 

where Ams^-i is the perfect alternating form on M^''"^ defined by A£)2i-i and 5^21-1 G 

Let g G 5'^'^^iRi) be such that for each z G {1, . . . , m} its component in S^*~^(-Ri) js 
the identity element (resp. is (721-1) if T{2i — 1) is trivial (resp. is non-trivial). Let C^^ 
be the extension to ^1 := VF(fc)[[X]] of (M ®w{k) Rij9{4^ ® ^.Ri); ^7 -^^5 (^0)063)7 where 
the connection V on M ®vK(fc) -^i is obtained as in Lemma 3.4. Let (i, and be as 
in the proof of Theorem 9.4. Let J : Spec(i?d) — > J^wi^kj be a formally smooth morphism 
through which y^o factors. The principally quasi-polarized filtered F-crystal with tensors 
over Ra/pRd defined by the pull back of the triple Ji via J is of the form 

e^'^ = (M ®w{k) Rd, gd{(f> ® Vd, \a, {ta)ae3), 

where gd G S'^'^'^(-Rd) and Vd is a connection on M(8)t^(a;) -Rd whose Kodaira-Spencer map 
has as image the image of Lie(S) ^w{k) Rd in Hom;4/(fc) (M/F^, F-*^) ^w{k) Rd (cf. [Val, 
Subsubsections 5.4.4 to 5.4.8 and Subsection 5.5]). Moreover, C^^ is induced from C'^'' via 
a VF(fc)-morphism : Rd ^ Ri that maps the ideal {Xi, . . . ,Xd) to the ideal {X) (cf. 
[Fa, Thm. 10 and Rm. (iii) of p. 136]). 

We now check that y{h) up to the operation iDi factors through 'N/Hq. Let Mi be 
a VF(/c)-lattice of M[^] such that we have a direct sum decomposition Mi = ©^^Mi fl 
M*[^] and each ip2i-i induces a perfect alternating form on Mi fl M^*~^[i]. If moreover 
{Mi,(j), Xa) is a principally quasi-polarized Dieudonne module, then it is easy to see that 
there exists an element h G S^{B{k)) such that we have h{M) — Mi (cf. also Remark 
9.2.1 (c)). We have a natural variant of this for A; ((X))- valued points of 'N/Hq. Thus due 
to existence of jd and jk[[x]]j using a standard specialization argument to check that y{h) 
up to the operation Oi factors through "N/Hq we can assume that (M, (p) is ordinary. Let 
Fq be the canonical lift of (M, (/)). As p > 3 and as the VF(A;)-morphism y^w(k) ~^ •^VK(fc) i^ 
a formally closed embedding at each fc-valued point of y^w{k) [^^il. Cor. 5.6.1]), there 
exists a unique point zq G y{ / Ho{W (k)) such that its attached Shimura filtered F-crystal 
is (M, Fq , 0, S)- Not to introduce extra notations we will assume that = Fq and z = zq. 
As (M, 0) is ordinary, the direct summand F^[i] fl h{M) of h{M) is a lift of {h{M),(f), S). 

Let z{h) : Spec{W{k)) Mo^,.^/OCp{No)p be the lift of y{h) such that F^[^] n h{M) 
is the Hodge filtration of h{M) defined by A{h)\y(^k)i where (A(/?-)vK(fc)7 -^A(^)vv/(fe)) is the 
pull back of the universal abelian scheme over Mo^.^j/3C^(A''o)^ via z{h). We have a Z[^]- 

isogeny jw{k) '■ ^m/(A:) ~* A{h)w{k) that lifts the Z[i]-isogeny A A{h) and that is 
compatible with the principal polarizations. Let jc be its extension to C via an 
embedding W{k) ^ C. Let Lq := Hi{Ac,Z). Let Li := Hi{A{h)c,1). We can identify 
= Lo (8)z Q = Fl Q in such a way that ip and each Va with a E 3 are the Betti 
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realizations of the principal polarizations of Ac and A{h)c and respectively of the Hodge 
cycle Wot, cf. [Val, Subsection 4.1]. Such an identification is unique up to an element of 
^"(Q). We have Lo[^] = Li[i]. Also G{Qp) = G{Q)Ho, cf. [Mi4, Lem. 4.9]. Thus in order 
to get that, up to the operation Oi, the point z{h) factors through 'N/Hq, we only have 
to show that there exists an element gq^^ e G{Qp) such that gQ^{Lo ®z ^p) = Li ®z Zp. 

Let M = e F° be the direct sum decomposition left invariant by </>. We have 
h{M) = {h{M) n F^[^]) ® {h{M) n F°[i]). Let //can : ^ GLm be the canonical split 
cocharacter of (M, as defined in [Wi, p. 512]. It normalizes and fixes and 

thus it fixes each element of T(M) fixed by (f). Thus ^can factors through S- Let ^ be the 
Frobenius lift of the Fontaine ring B^{W{k)) of W{k) (to be compared with Subsubsection 
5.3.1). Let I3q e F^{B+{W{k)) be as in [Fa, p. 125]. We have ^{l3o) = pPo and Gal(5(A;)) 
acts on Po via the cyclotomic character. As is a canonical lift, its p-divisible 

group is a direct sum of nm copies of Qp/Zp © Upoa. Thus from Fontaine comparison 
theory for A{h)\Y(^if) we deduce the existence of a -B"'"(VF(A;))-isomorphism 

(/i(M) n F\-]) ®w(k) B+{W{k)) © {h{M) n F0[-]) ® ^B+{W{k)) ^ L* ®z B+{W{k)) 
P P Po 

that takes Xa to ip* and (cf. [Va4, Fact 8.1.3]) takes to Va for all o: e 0. Thus as h fixes 
Aa, the existence of is implied by the fact that each torsor of trivial with respect 
to the flat topology is trivial. Thus the isogeny property holds for (/, L, v). 

9.7.4. The ST property. The pull back to y^k{v) oi the ordinary locus of Mfc(^) is 
Zariski dense in 'Nk{v)i cf. Subsubsection 9.7.3. We now assume that y factors through 
O/Hq. We can assume that z is such that {M,F^,(j)) is a canonical lift. Let //can and 
M = F^ ® F^ be as in Subsubsection 9.7.3. The generic fibre of /ican factors through the 
center of the centralizer of T((/)) in GL^jij. Also /ican is the only Hodge cocharacter of C 

that commutes with /ican- Thus the ST property holds for (/, L,f), cf. the uniqueness of 
z in Subsubsection 9.7.3. 

9.7.5. Conclusion. All assumptions of Subsections 9.3, 9.4, 9.5, and 9.5.1 hold in the 
context described in Subsubsection 9.7.1, cf. Subsubsections 9.7.2 (c) to 9.7.4. Thus the 
results 9.4, 9.4.1, and 9.5.1 hold. These results can be interpreted as follows. Up to the 
operations Oi and O2 (i-e., up to replacements of by a finite field extension of it and of 
y by an y{h) with h G 3f(C, A^)), we can assume that there exists a finite, totally ramified, 
discrete valuation ring extension V of W{k) and a point Zy e Ji/HQiV) such that the 
abelian scheme z*{Ahq) is with complex multiplication. This represents the extension of 
[Zil, Thm. 4.4] to the context of (/, L,v). 

As has compact simple factors of Gn Dynkin type, the adjoint of Sh(G, X) is not 
the adjoint of a Shimura variety of PEL type (see [Sh]). 

9.8. Remarks, (a) Let (G, X) be a simple, adjoint Shimura pair of type. We assume 
that G-R is not split. Let F be a totally real number field such that G is Res pjqG'p, with G'p 

as an absolutely simple F-group. We assume that there exists a totally imaginary quadratic 
extension K oi F such that G'~ is split. We consider the standard 2n dimensional faithful 
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representation / : G'^ ^ WheW but viewed as a Q-vector space. 

We view naturally &^ = ReSp.yQ(5^° as a subgroup of Res^^Q(5'J.° and thus of GLw Let 

G be the subgroup of GL^k generated by by -Z'(GLvk), and by the maximal torus of 
Res^^QGm, which over M is compact. It is easy to see that there exists a G(]R)-conjugacy 
class X of homomorphisms Rcsc/irGto, — ^ G^ that define Hodge Q-structures on W of type 
{(0, —1), (—1, 0)}. Let 'i/' be a non-degenerate alternating form on W such that we have an 
injective map / : (G, X) ^ (GSp(W, ■?/'), S) of Shimura pairs, cf. [De2, Cor. 2.3.3]. If the 
group is split and if (/, L, v) is a standard Hodge situation such that v divides a prime 
p which is at least 5 and does not divide n — 1, then all assumptions of Subsubsection 9.7.1 
hold. Thus Subsubsection 9.7.5 applies. 

(b) In [Zil, Thm. 4.4] and thus also in Theorem 9.6, the assumption that Cq is 
indecomposable is not necessary (being inserted only to ease the notations). If (G^'^, X'^'^) 
is of An type and if the group Gq^ is unramified, then we can choose (see [Va5]) the 
injective map / : (G, X) ^ (GSp(W, V'), §) to be a PEL type embedding for which there 
exists a Z-lattice L oiW with the property that for each prime v of £'(G, X) that divides p, 
the triple (/, L, v) is a standard Hodge situation; thus the variant of [Zil, Thm. 4.4] which 
does not assume that Cq is indecomposable applies to it. This and Remark 6.5.1 are the 
main reasons why in Sections 4 to 9 we focused more on the C^, and Dynkin type 
(see Corollaries 4.3 to 4.5, Theorem 9.6, Example 9.7, etc.). 

(c) The methods of (a) and Example 9.7 apply to any simple, adjoint Shimura pair 
(G, X) of Cn type for which the groups Gk and Gq^ are non-split and split (respectively). 

(d) Theorems 9.4 and 9.5.1 are the very essence of the extension of [Zil] one gets for 
p>h and for all Shimura varieties of Hodge type, once the program of Remark 9.2.1 (b) is 
accomplished. 
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